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I. Introduction: This study is inspired by a distinguished
part of Bessel processes in financial mathematics for decades.
Indeed, if {W;} is a 6-dimensional Brownian motion (BM?)
and we put B = |[W/||. By virtue of Revuz-Yor [10],p.439,we
have

t
(1.1) B? = B + 2/ Bdf, + 6t,
0

where W is a linear BM. Consider, for any real number ¢ >
0,z > 0, the following SDE

t
(1.2) Z :x+2/ JIZdW, + 6t.
0

Note that (1.2) is a special case of the Cox-Ingersoll-Ross(CIR)
family of diffusions ([2]) which have unique solutions. More-
over,these solutions are strong, nonnegative and adapted w.r.t.
the natural filtration {F;} of {W;}. Consequently, in the case
o > 0,2 > 0, the absolute sign in (1.2) can be omitted and

{Z:} can be modeled as short term interest rates (cf. Cox-
Ingersoll-Ross [2]).

1.1 Definition( cf. Revuz-Yor [10, XI] For every § > 0,z >
0, the unique strong solution of the equation (1.2) is called the
square of 6-dimenstonal Bessel process started at x and is de-
noted by BESQ? (z).Further, the square root of BESQ®(a?),

1s called the Bessel process of dimension § started at a and s
denoted by BES?(a).
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In the present paper we study the class of Bessel pro-
cesses BES®(a),0 = 2(s + 1) > 1 via the Kingman convo-
lution method and will use ”s” as the index of the Bessel

process.

Let P denote the class of all p.m.’s on the positive half-
line RT endowed with the weak convergence and *; 5,0 > 1
denote the Kingman convolution (Hankel transforms) which
was introduced by Kingman [5] in connection with the ad-
dition of independent spherically symmetric random vectors
in Euclidean d-space. Namely, for each continuous bounded
function f on R™ we write :

o0 O T(s+1)
[ s@mesvian = D

(1.3) / / / F((x? + 2uzy + y)1/?)

u?)* "2 p(dx)v(dy)du,

where p,v € P, 0 =2(s+1) > 1 ( cf.Kingman [5] and Ur-
banik [16]). In what follows, for the sake of simplicity, the
Kingman convolution *; s will be denoted shortly as o.The
algebra (P, o) is the most important example of Urbanik con-
volution algebras (cf Urbanik [16]). In language of the Ur-
banik convolution algebras, the characteristic measure, say
o, of the Kingman convolution has the Rayleigh density

(1.4) dog(y) =2(s +1)*"' T (s + 1)y* Texp(—(s + 1)y°)
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with the characteristic exponent s = 2 and the kernel Ag
(1.5) As(x) =T(s+1)Js(x)/(1/2x)°.

It is known (cf. Kingman [5], Theorem 1), that the kernel
Ag itself is an ordinary ch.f. of a p.m., say Fj, defined on the
interval [-1,1]. Thus if 6, denotes a r.v. with distribution Fj
then for each t € RT,

(1.6.) As(t) = FEexp(ith) = / exp(itx)dFs(x).

—1

The radial characteristic function (rad.ch.f.) ofap.m. pu € P,
denoted by ji(u), is defined by

(1.7) itw) = [ " A (un)u(de),

for every u € R™. In particular,the rad.ch.f. of o, is

(1.8) 6s(u) = exp(—u?/2),u € R™.



IT Cartesian product of Kingman convolutions'

Denote by RT* k = 1,2, ... the k-dimensional nonnegative
cone of R* and P(R**) the class of all p.m.’s on R**
equipped with the weak convergence. Let Fq,F5 € P(R+k)
be of the product form

(2.1) F,=71!x..x7F,

where Tf e P, j=1,2,... and i=1,2. We put

(2.2) FiOxF2 = (Fl o F2) x ... x (FF o F¥).

Since convex combinations of p.m.’s of the form (2.1) are

dense in P(R*%) the relation (2.2) can be extended to arbi-
trary p.m.’s on RT*, For every F € P(R*¥) the k-dimensional

rad.ch.f F(t), t € R**, is defined by

(2.3) B(t) = /R I At Pax),

j=1

IHigher dimensional Urbanik convolution algebras can be intro-
duced in the same way as here for the Kingman convolution case but
this subject will be treated systematically else where.
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Let 0,04, ...,0; be ii.d. r.v’s with the common distribution
F. Further, suppose that

X:(Xl,...,Xk) and @:(91,,9k)

be RT*-valued independent r.v.’s such that X 4P, Set
(2.4) OX ={01 X1, ....,0. X1 }.

Then, the following formula is the multidimensional general-
ization of (1.6):

(2.5) F(t) = B(e'<t0%>),

where t = (¢1,...,tx) € Rt* and <,> denotes the inner
product in R*. In fact, we have

E(ei<(91t1a-~-79ktk)7x>)

(2.6) = / E(eiZ;?:l(tjxjejF(dx)
Rtk

= [ At Pl
Rtk
= F(t).

Thus, F(t) is also an ordinary k-dimensional ch.f., and hence
it is uniformly continuous. For vectors x € R1* the general-

ized translation operators(g.t.o.’s) T* acting on the Banach
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space Cy(R**) of real bounded continuous functions f on R**
are defined, for each y € RT*, by

(2.7) Tf(y) = f(u){dx Ox dy }(du).

Rtk

In terms of these g.t.o0.’s the k-dimensional rad.ch.f. of p.m.’s
on R** can be characterized as the following:

Theorem 2.1 A real bounded continuous function f on R1*
is a (k-dimensional) rad.ch.f. of a p.m., if and only if f(0) =
1 and fis {T*}-nonnegative definite in the sense that for any
X1,....,Xe € RF and M\, ..., )\, € C

k
Z )\ij\ijif(Xj) 2 0.

ij=1
(See Violkovich [18] for the proof).

Lemma 2.2 FEvery p.m. F € P(RT*) is uniquely deter-

mined by its k-dimensional rad.ch.f. F and the following for-
mula holds:

—~

(2.8) Fi O Fa(t) = Fi(t)Fa(t),

F,Fo € P(RTF) and te RTF
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Proof The formula (2.8) follows from formulas (1.3) and
(2.2). Now using the formulas (2.3), (2.5) and integrating
the function F(tiuq, ..., tguy), k-times w.r.to o5 , we get

(2.9) / (e ) () () =
R k

k
/R+ '”/R_I_kjl:_{AS<tj$juj)F(dX)O-3(dul)'”o-s(dukz)

k
= / H exp{—t;a7}F(dw),
R+kj:1

which, by change of variables y; = x?,j =1,...,k and by the
uniqueness of the k-dimensional Laplace transform, implies
that F is uniquely determined by the left-hand side of (2.9).

The following theorem is a simple consequence of (1.3)
and (2.2).

Theorem 2.3 The pair (P(RT*, Oy) is a commutative topo-
logical semigroup with dg as the unit element. Moreover, the

operation Oy s distributive w.r.t. convex combinations of
p.m.’s € P(RTF).

In the sequel, the pair (P(RY*, Ox) will be called a k-
dimensional Kingman convolution algebra. It is the same
as in the case k=1, the i.d. elements can be defined as the
following: A p.m. p € P(RT* is called i.d.if for every natural
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m there exists a p.m. W, such that = pm Ox - thm Ox
pm(m  terms).

Now observe that the function

e~

k
(2.10) Yokt ta, ., ty) = Hea:p(—t?),
j=1

where t;,j =1,2,...,k € RT is the k-dimensional rad.ch.f. of
the distribution

(2.11) Yk =05 X..x05 (k terms)
being the k-fold Cartesian product of o5. In the sequel, the
sk will be called the k-dimensional Rayleigh distribution .

Now, let us denote by ID(Oy) the class of all i.d.p.m.’s
in (P(RT,O). The following theorem stands for a slight
generalization of Theorem 7 in Kingman [5] and its proof is
omitted.

Theorem 2.5 p € ID(QOx) if and only if there exist a o-
finite measure M on R with the property that M ({0}) = 0,
M 1is finite outside every neighborhood of 0 and

2
/ X A (ax) < o
rte 1+ [|x]
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and for each t = (t!,....t%) € R”
(2.12) —logii(t) =

i 2
/ (1_HAS(< by, x; >)MM(dx).
R+

L+ [x]1?

Jj=1

IITI Convolution structure of Bessel processes

Given a p.m. p € P and n=1,2,... we put, for any x &
R, B € B(R™),

(3.1) Py(x, E) =, 0 p°" (E),

here the power is taken in the convolution o sense. Us-
ing the rad.ch.f. one can show that {P,(x, E)} satisfies the
Chapman-Kolmogorov equation and therefore, there exists a
homogeneous Markov sequence, say {S*}, n=0,1,2,..., with
{P,.(x, E)} asits transition probability. More generally,suppose
that {uk, k =1,2,...} is a sequence of p.m’s on RT. Put, for
any 0 <n<m,re€ R", E e B(R"),

(3.2) Py (2, E) = 04 0 iy, © flnt1 O ... O fhm—1(E).
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Then, P, .(x,FE) satisfies the Chapman-Kolmogorov equa-
tion and therefore, there exists a Markov sequence {X*} n =
0,1,2,... with the transition probability P, . (z, E).

In what follows we will discuss the case of Bessel pro-
cesses which stand for a continuous counter part of the above
symmetric random walks.

Suppose that p is an i.d.p.m. w.r.t. the Kingman con-
volution o.Putting

(3.3) q(t,z,E) := p° 0 6,(E)

and taking into account the fact that the family q(t,x,.) of
distributions satisfies the Chapman-Kolmogorov equation and
therefore, it stands for a transition probability of a homoge-
neous strong Markov Feller process, say {XF},t,x € RT.

and, moreover { X7} is stochastically continuous and has a
CADLAG wversion (cf.-Nguyen [13], Theorem 2.6).

3.1 Definition A stochastic process { X} is called a Lévy-
type ( or, o-Lévy ) process if (i) X§ = x (P.1);(i1) {X}F} is
strong Markov Feller process with transition probability of the
form (8.3); (ii)){ X[} is a stochastically continuous process

with CADLAG realizations with (P.1).

It 1s evident that all Lévy processes are x-Lévy ones. The
simplest example of Lévy-type but non-Lévy processes is ab-
solute value of the linear BM. Similarly,the following theorem
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shows that Bessel processes starting from 0 stands for Lévy
type processes induced by Kingman convolutions.

3.2 Theorem Let {B?} denote a Lévy-type process which
has transition probability (3.3) with x=0 and p = os. Then,
up to a scale change, {B?} and BES®(0) have the same dis-
tribution. Consequently, they are induced by the Kingman
convolution.

Proof. Let p° denote the law of BES®(x),§ > 0,z > 0
on C(RT,R) (¢f. Revuz-Yor [10],XII P.445) which entails

that the density p(0,y) of the Bessel semigroup is found
(cf.-Revuz-Yor [10],XII P.446), for § > 0,x =0, to

(3.4) P(0,y) =275t~ DD (s + 1) y>Heap(—y?/2t).

It should be noted that functions (3.4) are Rayleigh functions
of y. In addition, if t=2 we get P°(0) = o,. Next, by(1.8),
we have

—~

ot (u) = exp(—tu?/4(s 4+ 1)), u > 0.

S

Our further aim 1is to prove that, up to a scale change,
the rad.ch.f. of o° is equal to the rad.ch.f.of P2(0,y). Accord-
ingly, integrating the kernel Ay(uz) w.r.t. P2(0,z) it follows,
by (1.3), (1.5), (3.4) that the rad.ch.f. of P?(0,y) is given,
for each u > 0, by

35 FOww= [ " Auz) P20, 2)dz
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(©. o]

=275t~ TP (s 4 1)~} / 225N (uz)exp(—22/2t)dz
0

Hence and by virtue of the Weber integral’ we have

2 (0,)(u)

2

= {275t U (s + 1)~ {27 2o s H D (s + 1)e™ %

= O/-((}(u)? u > 0,

which shows that
¢ (0) = 05",

S

IV Bessel processes as stationary independent ”in-
crements’” processes

Suppose that X;,5 = 1,2,... are nonnegative independent
r.v.’s with the corresponding distributions Fx ,j = 1,2, ...
and 0,01,05... are i.i.d. r.v’s with the common distribution

1From Watson [19] , p.394 we have, for s > —1/2,a > 0,p > 0,
/oo ts+1JS(at)e_p2t2dt = aS(2])2)_5—16_“2/41’2
0
which may be written as

/oo t23+1/\s(at)e_p2t2 gt — %I‘(s n 1)p_2(s+1)6_a2/4p2.
0
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Fs and the r.v.’s X;,7 =1,2,...0,01, 02, ... are independent.
Following Kingman [5] we say that for a fivred s > —1/2 any
one of the equivalent r.v.’s

(4.1) Xy & Xp = \/ X7 + X3 4 2X,Yab)

1s a radial sum of the two independent nonnegative r.v.’s
X1,Xo. By induction, the radial sum X1 & Xo P ... D Xi
is defined for any finite k=2,3,.... It should be noted [5] that
the operation @ is associative.

4.1 Definition Let By be the ring of subsets of a non-empty
bounded Borel subsets of RT. A function

M:B, — LT,

where Lt = KT(Q,F, P) denotes the class of all nonnegative
r.v.’s on the probability space (2, F, P), is said to be an o-
scattered random measure, if (i) M()) = 0 (P.1), (ii) For
any A,B € By, ANB =10, then M(A) and M(B) are

independent and
M(AUB) 2 M(A) @ M(B)

(iii) For any pairwise disjoint sets Ay, As,... € By, with
the union in Caly the r.v.’s M(A;),j =1,2,... are indepen-
dent and

M(UX,Aj) < éM(Aj)-

Jj=1
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It is well known that if {W(t)},t € RT is a Wiener process,
then there exists a Gaussian stochastic measure M(A), A €
By, where By is the ring of bounded Borel subsets of RT with
the property that, for everyt > 0, we have W (t) = M ((0,t]).
The same 1t 1s also true for Bessel processes. Namely, we get

4.2 Theorem Let {B?} denote a Bessel process starting
from 0. Then there exists a unique ( up to finite dimensional
distributions) o-scattered r.m.B(A), A € By with the Lebesgue
measure as its control measure such that for each t > s > 0
we have

(4.2) B(0,4]) = BY @ B((s,1]) &

t—s
Og .

We proceed the proof of the Theorem by proving the following
Lemma.

4.3 Lemma Letm:={0=1ty < t1 <ty < ..} be a subdi-
vision of RT. Then there exist independent r.v.’s X1, Xo, ...
such that

olimtir LX) B —0,1,2, ...

S

.Moreover,we have

43) B LX,0Xo®.®X, (n=23,..
and

d _
(4.4) B((tn, t(n+r]) = UE”JFT tn
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Proof. Following the ideal of Kingman([5], pp.20) let us take
as sample space ) the Cartesian product of countably many
intervals Rt with countably many intervals [-1,1]. The prob-
ability measure 1s defined on €2 as the product of the distri-
butions o "'k = 1,2,... on each of the first set of RT
together with the distribution Fs (see(1.6))on each of the sec-
ond set. If the typical point w € ) has components

X1 (w)v X2(LU), T (w)? 772((*‘})7 )

then Sy, (w) is defined inductively by

So =0,
(4.4) Sm+1(w) =
{S2(w) + X2 1 (W) + 20 (@) S (W) X1 (w) 1 2.

Thus, we have
Sm+1 — Sm D Xm—l—l

which, by virtue of the associativity of &, implies that for
each m =2,3,...

(4.5) Sn=X1 XD ... D X,,.

Moreover, since X,k = 2,3,... are independent it follows
that

(4.6) S 2 ot L B(t,)
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Now, since the operation @ is associative (cf. Kingman [5], The-
orem 1), we can show that

(47) Sm—l—r — Im EB S;n,
where S 1s defined inductively by
(48) S(T)n — O, ;r_Ll_l — S;n @ Xm_}_r,»_|_1.

Note, by (4.6,7,8), that

(4.9) gimir=tm L gm L (X @ . @ Xpyr)
which entails (4.3,4).

Proof of Theorem 4.2. Let By) denote the class of
finite unions of disjoint finite intervals (a, b] i.e.

U 1, 1 = (toj,t2j41),5 = 0,1,k =1,2, ..

We put
k

B(US_11;) = @ B((1))).

j=1

Finally, using the transfinite induction and by Lemma 4.4
and the usual extension method of random interval functions
one can gets an o-random measure B(.) on By with the re-
quired properties.
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4.2 Definition For every 0 < a < b the quantity M ((a,b])
is called the increment-type of the Bessel processes BES?.
Mor3eover, from Theorems 3.2 and 4.2 we have

Theorem FEvery Bessel process which starts from 0 has a
modification as a process with stationary and increments-type
process.

The above theorem permits us to construct a new stochastic
integration with respect Bessel processes with convergence in
distribution which will be discuss in a subsequent paper.
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