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Abstract A weak 7-function as a generalized distance, a lower closedness of
transitive relation and definitions of (e, K )-lower semicontinuity and (e, K)-lower
semicontinuity from above are proposed to relax lower semicontinuity assump-
tions in Ekeland’s variational principle for vector-valued functions. The obtained
general results, when applied to particular cases, improve or coincide with many

recent results in the literature.
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Ekeland’s variational principle

1 Introduction

The famous Ekeland variational principle (EVP in short), a powerful tool in vari-
ous fields of nonlinear analysis and optimization, was published in [1]. In the past
three decades a great deal of efforts have been made to generalize this principle

and its equivalent formulations. Recently, many authors have used generalized
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distances together with the original metric of the space to weaken the lower semi-
continuity condition imposed by Ekeland [1]. The original principle of Ekeland in
[1] says that for a bounded from below and lower semicontinuous scalar function
f on a complete metric space X, a slightly perturbed function has a strictly min-
imum. Examining the assumptions we see that the completeness of X is crucial
since the principle relies on a convergence to a desired point. The boundedness
from below is inevitable since functions as regular as continuous linear functions
are far from having a point as desired, since they are unbounded from below.
So lower semicontinuity seems to be the only assumption which may be relaxed.
This idea motivates our commitment in this paper. w-distance was introduced
in Kada et al. [2] and used also in Park [3], Lin and Du [4]. Another generalized
distance was proposed in Tataru [5]. 7-distance was defined in Suzuki [6], which is
more general then both above-mentioned distances. In Lin and Du [7] 7-function,
which is incomparable with 7-distance, was introduced. All these distances are
used to weaken the mentioned lower semicontinuity assumption. In this paper
we propose a notion of a weak 7-function, which is more relaxed than all the en-
countered generalized distances. We weaken the lower semicontinuity assumption
by using this definition and also requiring this condition in fixed direction under
consideration (see Definition 2.4). Moreover, we prove also a more general EVP
by using a proposed general lower closed transitive relation (Theorems 2.4, 3.1).

We derive general equivalent forms of the EVP as well.

The organization of the paper is as follows. In the remainder of this section we
recall some preliminaries. In Section 2 we propose definitions of a weak 7-function,
generalized lower semicontinuities of a vector function and lower closedness of a
transitive relation. Section 3 is devoted to main results about the EVP and

equivalent formulations. In the final Section 4 we show that our results improve



or include as special cases the ones in [4, 7, 8, 9, 10, 11, 12].

Let X be a quasimetric space (i.e its distance needs not be symmetric) and
Y be a topological vector space ordered by a convex cone K (containing zero).
Let f: X — Y be a vector function. f is said to be K-lower semicontinuous
(K-lsc) at x if for each e € Y, each sequence z,, — z such that f(z,) + e <k 0,
one has f(z) + e <k 0, where y <k z means that z € y + K. f is called K-
lower semicontinuous from above (K-Isca) at = (see [13]) if, for each convergent
sequence x, — x such that f(x,.1) <k f(x,),Vn,, one has f(z) <k f(z,),n.
We always say that f has a property on A C X if f has this property at every
point of A. We omit "on A” if A = domf = {x € X : Jy € Y,y = f(z)}.
A subset B C Y is called K-bounded from below if there is a bounded subset
M CY such that B C M + K and is called bounded from below if thereis y € Y
such that B C y+ K. Note that boundedness from below implies K-boundedness
from below but not vice versa. For a transitive relation ¢ in X, a subset A C X is
termed R-complete if any Cauchy sequence in A, which is R-decreasing, converges

to a point in A.

2 Weak r-functions, generalized lower semicontinuity of a function

and lower closedness of a relation

Definition 2.1 ([7]) Let (X, d) be a quasimetric space. A function p: X x X —

R, is called a 7-function if the following four conditions hold, for z,y, z € X,

(71) (triangle inequality) p(z, z) < p(z,y) + p(y, 2);
(12) (lower semicontinuity) Vo € X, p(z,.) is Ry-lsc;

(13) if x,,y, € X satisfies lim, oo p(2p, yn) = 0 and lim, o sup{p(z,, ) :



m > n} =0, then lim,, . d(x,,y,) = 0;

(14) p(z,y) =0 and p(z, z) = 0 imply that y = z.

We propose a weaker notion as follows.

Definition 2.2 Let (X, d) be a quasimetric space. A function p: X x X — Ry
is said to be a weak 7-function if it satisfies three conditions (71), (73) and (74)

of Definition 2.1.

Definition 2.3 ([6]) Let (X, d) be a quasimetric space. A function p: X x X —
R, is called a 7-distance on X if there is a function n : X x Ry — R, such that

the following conditions are satisfied, for x,y,2 € X and t € R,

(1) (triangle inequality) p(z,z) < p(z,y) + p(y, 2);

(15) (weak lower semicontinuity) if x,, — = and lim, . sup{n(z,, p(zn, Tm)) :
m > n} = 0 for some z, € X, then p(w,z) < liminf, . p(w, z,) for all

w e X,

(15) if lim, 0o N(2n,t,) = 0 and lim, o sup{p(zn, ym) : m > n} = 0, then

limy, 00 N(Yn, tn) = 0;

(13) limy, oo 7(2n, p(2n, x,)) = 0 and lim, oo 7(2n, p(2n, ¥n)) = 0 imply that

(12) n(x,0) =0, n(x,t) >t and n(z,.) is concave.
It is known [6, 7] that both the 7-function and 7-distance are w-distances, but

the former two notions are incomparable. We show now that the weak 7-function

is a more relaxed property than all the three as follows.



Lemma 2.1 Any 7-distance in a quasimetric space is a weak T-function.

Proof 1If p is a T-distance in a metric space, then p satisfies (73) by Lemma 3 of
[6] and also (74) by Lemma 2 of [6]. Moreover, the proofs of these lemmas in [6]

did not need the symmetry of the metric of the space and hence we are done. [

The following example gives a weak 7-function which is not a 7-function.
Example 2.1 Let (X, d) be a metric space, v > 0 and p: X x X — [0,+00) be

defined by

dz,y)+~ if z#y,
plx,y) =1, .
2 it x=uy.
Then p is not a 7-function since p(z,.) is not lsc at x for any z € X. To
check that p is a weak 7-function we have to prove only condition (71), since
p(x,y) > v > 0 for any x,y € X and hence (73) and (74) are satisfied. For
(71), direct verifications for each case of x,y, z: the three points are different, one

pair coincide and the three points coincide are easily carried out. So p is a weak

T-function.

In the sequel we need also the following facts.
Lemma 2.2 ([7], Lemma 2.1) Let p be a weak T-function on a quasimetric space
X. If a sequence x,, satisfies the condition lim,, ., sup{p(z,, ) : m > n} = 0,

then z,, is a Cauchy sequence.

Notice that in Lemma 2.1 of [7] it is assumed that X is a metric space and p is
a T-function. But the symmetry of the metric and condition (72) were not used in
the proof. ( In fact this proof in [7] is incomplete, since only lim,, oo d(zp, Tpi1) =

0 is verified. However, one can show that lim,, ;oo d(2p, Tp,) = 0. )

Lemma 2.3 ([14], Lemma 3.4) Let p be a weak T-function on a quasimetric



space X, x, — T and I : X — 2% be a set-valued mapping such that the following

conditions hold:
(1) zp1 € I'(zy) and U(xpy1) C D(xy), for alln € N;
(ii) limy, e sup{p(zp,u) : u € I'(z,)} = 0;

(iii) 7 € I'(xy,), for alln € N.

Then (,enI'(2n) = {Z}.

If, in addition,
(iv) T'(Z) # 0 and T'(Z) C T'(z,), for alln € N,

then T is an invariant point of ' (i.e. I'(Z) = {Z}). Conversely, if p(z,x) =0 for
all v € X, and T is an invariant point of I', then there is a sequence x,,, which

converges to T and satisfies all conditions (i)-(iv).

Now we pass to generalizing lower semicontinuity.
Definition 2.4 Let X be a quasimetric space, Y be a vector space ordered by

a convex cone K, f: X — Y be a vector function and e € Y.

(i) f is said to be (e, K)-lower semicontinuous ((e, K)-Isc in short) at z if
for each r € R, each sequence =, — z with f(x,) + re <k 0, one has

f(z)+re <k 0.

(ii) f is called (e, K)-lower semicontinuous from above ((e, K)-lsca in short) at
x if for each r € R, each sequence x,, converging to z, from f(xg)+re <x 0
and from f(x,.1) + the <k f(x,), for all n € N and for some sequence

t, > 0, it follows that f(z) 4+ re <k 0.

Note that these generalized semicontinuities are defined for a vector space Y

without any topological structure. Definition 2.4(i) is clear and shows that if f
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is K-Isc at x then f is (e, K)-Isc at x for every e € K. To see clearer the relation
between K-lower semicontinuity from above and (e, K)-lower semicontinuity from
above, we observe that f is K-Isca at x if and only if for each e € Y, each sequence
x, converging to z, from f(zo) +e <k 0 and f(x,41) <k f(z,), Vn, one has
f(z) 4+ e <k 0. Indeed, for the ”if” assume that f(z,1) <k f(x,), Vn. For each
fixed n, the sequence {x,.,}, satisfies the conditions f(znipr1) <k f(Tnip)-
Then by the assumption with e = —f(x,), one has f(z) — f(z,) <k 0, ie.
f(z) <k f(x,), Yn. The "only if” is obvious.

From this observation, it is evident that if f is K-Isca at = then f is (e, K)-lsca
at « for every e € K. Furthermore, (e, K)-lower semicontinuity implies (e, K)-

lower semicontinuity from above.

Definition 2.5 A transitive relation ® on quasimetric space X is called lower
closed if for any R-decreasing (i.e. .. Rz, R..RxoRx1) sequence converging to T

one has 7Rz, Vn € N.

Theorem 2.4 (minimal elements for lower closed relations) Let R be a lower
closed transitive relation on a quasimetric space X with a weak 7-function p. For
g € X assume the R-sector of xg, i.e. Sp(re) = {x € X : xRxo}, is nonempty
and R-complete. Assume that any R-decreasing sequence x,, € X is asymptotic

by p (i.e. lim, oo p(Tp, Tpy1) =0 ). Then, there exists T € Sp(zo) such that

S%(T) = @ or Sg}e(f) = {T}

Moreover, if R is reflexive, then Sg(T) = {T}.

Proof Starting by xy we construct a sequence x,, € Sg(xg) as follows: having

x, € Sg(x,_1), we choose x,11 € Sp(x,) by the following rule:



(a) if p, = sup{p(x,,x) : x € Sp(z,)} < +00, T,41 is taken so that

1

p(xnaanrl) > §pn§ (1)

(b) if p, = 400, x4 is taken so that p(x,, x,11) > 1.

There is then nyg € N such that, Vn > ng, p, < +oo. Indeed, otherwise we
would have an R-decreasing sequence x,, with p(z,,x,+1) # 0, a contradiction.
Now, we check the assumptions of Lemma 2.3 for I' = Sg. By the transitivity
of R, (i) holds. By (1) and the asymptoticity of the sequence z,, (ii) is satisfied.
Lemma 2.2 implies that z,, is a Cauchy sequence and hence converges to some 7.
Since R is lower closed, T € Sp(z,),Vn, i.e. (iii) is fulfilled. Lemma 2.3 yields

that (), cy Sn(zn) = {7}, ie. Sx(T) =0 or Sp(T) = {T}.

If R is reflexive, then (iv) is also satisfied and T is an invariant of Sg. O

Now we discuss some particular cases, which will be considered in details later
in connections with the EVP. From now on, unless otherwise specified, let X be
a quasimetric space, Y be a Hausdorff locally convex space, K C Y be a convex
cone containing zero, kg € K \ —clK, Y* be the topological dual of Y, Kt be the

positive polar of K, i.e.
Kt ={y'eY":<y*" k>>0,Vk € K},

and z* € KT such that 2*(ky) = 1 (the existence of z* is guaranteed by the
separation theorem). We extend Y similarly as for the one-dimensional case
by an additional element, denoted by +oo, with the usual rules for addition
of elements and multiplication with reals. We adopt that y <x 4o00,Vy € Y,
and avoid indeterminate expressions like 0.(4-00). We consider a vector function

U: X xX —YU{+oco} and impose the condition
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(H) of U(z,y) € =K and V(y,z) € —K, then

U(z,2) <g VU(x,y)+¥(y, 2).

Let p be a weak 7-function on X. We define a relation <j, on X by setting
Y<pr < VY(r,y)+p(z,y)ko € —K. (2)

Note that the relation <y, is transitive. Indeed, if z <;, vy and y <y, z, then
(2) implies that ¥(z,y) € —K and ¥(y,z) € —K. By conditions (H) and (71)
one obtains the transitivity, since

U(z, z) + p(z, 2)ko € (V(z,y) + V(y, 2)) + (p(z,y) + p(y, 2)) ko — K
e —-K.

For <, we denote the sector of x, i.e. {2’ € X : a2’ <y, x}, by Sk, ().
Lemma 2.5 Let X, Y, K, p, kg and ¥ be as above.

(i) If Sk, (z) is closed for each x € X, then <y, is lower closed.

(i) If K s closed, p satisfies (12) and V(x,.) is (ko, K )-lsc, then Sk (x) is

closed. Hence, if this is satisfied for all x € X then <y, is lower closed.

(i) If K is closed, p satisfies (12) and V(zx,.) is (ko, K )-lsca for all x € X, then

<k, 15 lower closed.

Proof (i) It is clear that each transitive relation ® has this property.

(ii) For a fixed x € X, assume that x, € Sk, (z) and x,, — T. We show that T €
Sko (). By the lower semicontinuity of p(x,.), Vi € N (large enough), 3Q(i) € N,
Vn > Q(7),

.1
ple, @) 2 pla7) - -



Therefore, one has

U(z,z,)+ (p(z,T) — 1/i)ko € — K.
Since ¥(x,.) is (ko, K)-Isc at T, one obtains

U(x,Z) + (p(x,T) — 1/i)ky € — K.

By the closedness of K, passing i — oo one sees that T <y, x, i.e. T € Si,(z).
(iii) Assume that z,1 <k, z,,Vn € N, and z,, — Z. Fix n. For each sufficiently

large i € N, by the lower semicontinuity of p(x,,.) one has Q(i) € N such that,

Vg > Q(i),
\Il(xmxn—kq) + (p(flfmf) - 1/2)]{:0 € \Il(xmxn-f—q) +p(xnaxn+q)k0 - K.

Hence, as ©p4q <k, Tn,
V(2 Tntq) + (p(xn, T) — 1/i)ko € — K. (3)
We claim that, for z,y € Sy, (z,) with y <j, x, one has
U(z,y) 2Kk ¥(wn,y) — V(g x). (4)

Indeed, as ¥(z,y) € —K and ¥(z,,x) € —K, by condition (H) one has
U(zn, ) + ¥(z,y) 2K ¥(Tn,y),
which is (4). For ¢ € N, we have @, 1411 <k, Tniq, i-€.
V(Tnigs Tnagi1) + P(Tnigs Tnigr1)ko € — K.
Applying (4) to this inclusion we get
U (2, Trggr1) = V(Tns Tnig) + P(Tntgs Tnigr1)ko € — K,

which is rewritten as
U (&, Tntgr1) + P(Tntg, Tnagr1)ko Sk V(@ Tng)- (5)
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Since ¥(zy,.) is (ko, K)-1sca at T and by (3), (5), we have

U(xn, T) + (p(x,,T) — 1/i)ko € — K.

Passing to the limit as ¢ — oo we obtain T <j, z,,, by the closedness of K. [

3 Main results

We continue to assume that X, Y, K, ko, p, 2*, ¥ and <j, are defined as by the
end of the previous section. The following result is a generalization of the EVP.
Theorem 3.1 Let X, Y, K, ko, p, ¥ and <j, be as above. Assume that <y, is
lower closed and that, for xo € X, Sk,(zo) is nonempty and <y, -complete, and
U(xg, Sk, (o)) is K-bounded from below.

Then there is v € Sk,(xo) such that, for each x # v,

U(v,z) + p(v, x)ko € —K. (6)
Proof To apply Theorem 2.4 it suffices to check that any <j -decreasing sequence
x, in X is asymptotic by p. Suppose to the contrary the existence of 6 > 0 such

that, Vn € N, p(x,, z,4+1) > d. Since this sequence decreases, one has
Oko <k kop(xpn, Tni1) <k —V(Tpn, Tpi1)-
Since U(xg,x,) € —K and ¥(x,, x,41) € —K, by condition (H) one also has
—U (2, Tna1) <k Y(zo,7n) — ¥(T0, Tpi1)-
Therefore
0 < 2(=VU(xp, Tpi1) < 2°(V(xg, x,)) — 2% (V(xo, Tpy1))-

Adding these inequalities from 0 to n — 1, one obtains

nd < 25 (V(xo,xo)) — 2" (V(xo, x,)) < 2*(V(xo,20)) — inf 2" (V(zg,)).

zE€ Sk (z0)

11



Taking the K-boundedness of W(zg, Sk, (z0)) into account we get a contradiction.

Theorem 2.4 gives a point v € Sy, (zg) such that Sy, (v) = 0 or S, (v) = {v},

which is the same as (6). O
The following form of the EVP is more traditional.

Theorem 3.2 Assume, additionally to the assumptions of Theorem 3.1, that
U(zg,x)+cky & —K, for some e > 0 and all x € X. Then, for each X\ > 0, there

is v € Sk, (o) such that, for all x # v,

(i) p(zo,v) < A;
mwwmm+§mMm%e—K;

(m)ﬂu@+§m%@%¢—K

1
Proof Applying Theorem 3.1 with ¢kj in the place of kg and Xp in the place of

p we obtain (ii) and (iii). Suppose p(xg,v) > A. Then we would have
U(zg,v) + €ko € Y(zo,v) + ;p(ﬂﬂo, v)ko — K C —K,
contradicting the property of ¢. U

We collect some equivalent formulation of the EVP, mainly concerning fixed
points, in the following result.
Theorem 3.3 Let the assumptions of Theorem 3.1 hold. Then we have the

following equivalent assertions, for any index set I.
(i) (The EVP) There exists v € Sk, (zo) such that, for x # v,

U(v,x) + p(v,x)ky & —K.

12



(i)

(iii)

(Common fixed-point theorem for a family of multivalued maps) Let T;:
Sko(z0) — 2%, i € I, be such that Ty(x) # 0,Vz € X, and for each x €
Sko(x0) \ Ti(x) one has y € Sk,(x) \ {x}. Then there exists a common fized

point for T;,i € I, in Sk, (o).

(Caristi’s common fixed-point theorem for a family of multivalued maps)
Let T;: Sk, (o) — 2%, 4 € I, be with nonempty values and such that for each
xr € Sg,(xg) one has y € Sk, (x). Then the family {T;}icr has a common

fized point in Sk, (xo).

(Caristi’s common fixed-point theorem for a family of single-valued maps)
Let T;: Sy, (xg) — X, i € I, be such that T;(x) € Sk, () for all x € S, (z0).

Then {T;}icr has a common fized point in Sy, (xo).

(Common invariant-point theorem) Let T;: Sk, (xq) — 2%, i € I, be with
nonempty values and such that T;(x) C Sy, (x) for each x € Sk,(x0). Then

{T’;}icr has a common invariant point in Sk,(xo).

(Maximal element theorem) Let T;: Sy, (wg) — 2%, ¢ € I, be such that for
each x € Sy, (xo) with Ti(x) # 0, there exists y € Sk,(x) \ {x}. Then there

exists T € Sk, (x0) such that T;(T) = 0 for each i € I.

Proof (i) holds by Theorem 3.1. Now we show the equivalences. Note first that

(1) is equivalent to saying that there exists v € Sk, (zg) such that Sy, (v) = 0 or

ko (v) = {v}.

“(i)= (ii)” Suppose, for the above-mentioned v, v & T;,(v) for some iy € I.

Then by the assumption, there is y € Sy, (v) \ {v}, a contradiction.

“(ii)=- (iii)” Suppose Vz € Si,(xo), Ji € I, x ¢ T;(z). By the assumption,

there is y € S, (z). If all such y are equal to z, i.e. Sy, (z) = {z} for all

13



x € Sk, (x0), we are done. If there is y € Sy, () \ {z}, by (ii) we also arrive at

the conclusion.

“(iil)= (iv)” It is clear.

“(iv)= (v)” Suppose that for each = € Si,(z¢) there are i and y with y €
Ti(z) \ {x}. By the assumption, y € T;(z) C Sk, (x). We define a family of single-

valued maps TZ-',

i € I, as follows. For ¢ € I, if there are z, y as above we put

/

T.

(2

(z) = y for any such an y. Otherwise we set T} (z) = 2’ for any 2’ € Sy, (x). By
(iv) applied to the family of maps 7} one has T € Sk, (o) such that T = T (7).

By the contradiction assumption there is i € I with T}(z) € Tiy(z) \ {Z}, a

contradiction.

“(v)=(vi)” Suppose to the contrary that Vo € Sy, (xo), Ji € I, T;(z) # 0.
By the assumption, there is y € S, (z) \ {x}. We define a family of multivalued
maps Ti' as follows. For each ¢ € I, if there are z, y as above, for each such an x
we put T} () to be the set of all such y. Otherwise we put T} (z) = S, (). Then
by (v) there is T € Si,(z0) such that T} (T) = {T}, Vi € I. This contradicts the

case where 7 satisfies the contradiction assumption.

“(vi)= (i)” Suppose, ab absurdo, that Yz € Sy, (z¢), Jy € Sk, (z) \ {z}. We
define a multivalued map T": Sy, (7o) — 2% by setting T'(x) = {x}, Vo € Sy, (70).
Applying (vi) to this family of one map one has T € Si,(z¢) with T'(Z) = 0, a
contradiction. U

Notice that Theorem 3.3 includes Theorem 1 of [3], where p is a w-distance

and U(z,.) is assumed to be K-lsca for all z € X.

Remark 3.1
(a) Lemma 2.5 provides sufficient conditions for the relation <, to be lower

closed in terms of generalized lower semicontinuity of ¥(z,.) for all z € X. These
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conditions may be easier to be checked, but they are less relaxed than the lower
closedness of <j, as shown by the following example.

Example 3.1 Let f: R — RU {400} be defined by

{3:2 if x#0,

J(@) = +00 if =0,

K =Ry ko=1Y(z,y) = fly) — f(z), p(z,y) = |y — x| and <y, be defined by
Yy <wze fly) = fla)+]y—z[ <0

Then ¥(x,.) is not (kg, K)-lsca at 0 and Sy, (z) ={y € X : f(y)—f(x)+|y—z| <
0} is not closed for each = # 0. However, in this case it is easy to check that <j,
is lower closed. Therefore, Theorem 3.1 shows the existence of a strict minimizer
vof f(.)+].—wvl|. It is easy to see directly that for each v € [—3, 3]\ {0} and each

x # v, one has f(x) + |z —v| £ f(v), i.e. vis a strict minimizer of f(.) + |. — v|.

The following example supplies a case where p is a true weak 7-function (not
7-function) and Theorem 3.1 can be applied but (ko, K )-lsca assumptions are not
satisfied.

Example 3.2 Let f, K, ky and ¥ be as in Example 3.1. Let

plz,y) =497,

Y <wx, =& f(y) — f(2) +plz,y) <0.

Then it is easy to check that W(x,.) is not (ko, K)-Isca and Sk, (z) is not closed
for each = # 0, but <y, is lower closed. Thus a strict minimizer v of f(.) 4+ p(v,.)
is guaranteed by Theorem 3.1. Now we verify directly that each v € (—2,3)\ {0}
is such a strict minimizer, i.e. for each = # v,

flx)+ |z — v+ 1> 02 (7)
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For x = 0, any v € R\ {0} satisfies this inequality. With x # 0, v # 0 and
x # v (7) is equivalent to

-z -0 4+v+1>0 if <o,
?+r—vP—v+1>0 if x>w.

IN
S
IN

one easily sees

By considering three subcases v < —%, —%

that each v € (=2, 2)\ {0} satisfies (7).

(b) To the best of our knowledge all the papers in the literature about the EVP
for a two-variable function ¥ : X x X — Y impose the condition
(H') ¥(x,2) <g ¥(z,y) + V(y, 2) for all z,y,z € X,

which is stronger than (H). They often conclude that the results include the
corresponding ones for one-variable function f : X — Y, since to prove the
latter results one simply sets W(x,y) = f(y) — f(x) and applies the results for
V. In fact, the two cases are equivalent under condition (H’), if we impose K-
boundedness and K-lower semicontinuity (or K-lower semicontinuity from above)
assumptions. Indeed, to derive a result for W from the corresponding one for f,
one can set f(.) = W(xg,.), where zq is a given point such that W(xg,.) is K-
bounded from below. Then the K-boundedness and K-lower semicontinuity (or
K-lower semicontinuity from above) of W(xy,.) clearly imply the same properties
of f(.). Hence we can derive from a result for f a corresponding one for ¥ (see
also [14, 15]). However, if we impose a general and relaxed assumption about
the lower closedness of the transitive relation <, defined by ¥ as in Theorems
3.1-3.3, these results are stronger than the corresponding ones for the relation

<}, defined by function f: X — Y as follows
Y <k, v = [(y) = f(x) + p(z,y)ko € —K.

Namely, Theorem 3.1 implies the following
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Theorem 3.1° Let X, Y, K, ko, p be as in Theorem 3.1 and f : X — Y. Assume,
for xg € X, that S} (o) == {rv € X : 2 <§ w0} is nonempty and <y = complete.
Assume further that f(S; (w0)) is K-bounded from below and <j_ is lower closed.
Then there exists v € Sy (o) such that, for all x # v,
f(@) = f(v) +p(v,2)ko & —K. (8)
To prove this theorem we simply set V(z,y) = f(y) — f(z) to see that the
assumptions of Theorem 3.1 are satisfied and then we can apply this theorem to
derive (8).
By setting f(.) = ¥(xg,.) we show now that Theorem 3.1’ does not imply
Theorem 3.1. By condition (H’) it is clear that y <y, x implies y <j . But the

converse is not true in general. Indeed, the relation y <; x means that

fly) — f(x) +plx,y)k € —K,

1.e.
U(z0,y) — V(z0, ) + p(2,y)ko € —K.

This and condition (H), i.e. U(zg,y) — V(xg,z) <g ¥(z,y), do not imply
\IJ(.’L',y) +p($7y)k0 € _K7

which means that y <;, x. Hence from the lower closedness of <, we still do
not have the lower closedness of <j in order to apply Theorem 3.1".

By Lemma 2.5, Theorem 3.1 implies the corresponding results for the cases,
where (ko, K)-lower semicontinuity or (ko, K')-lower semicontinuity from above
assumptions are imposed instead of the more general lower closedness assumption.
The following example, shows however that the two afore mentioned cases of a

two-variable setting and of an one-variable setting are not equivalent.
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Example 3.3 Let f: R? — R*U {+oo} be defined by

T, %) if a1 < 0,29 > 22 or 1y > 0,19 > 22,

f(x1,22) = (@1,22) ' co Pe e
~+00 otherwise,

K ={(z1,29) : 21 > 0,29 > 21}, ko = (1,1)T and 2" = (0,1)T, where +o0 is the

additional element of R? (mentioned in Section 2) and we admit the conversion

that +0o — (+00) = +00. Then f is (kg, K)-lsc, since for each r the set
{(z1,22) : fx1,29) + 1k € =K}

is closed. However W(z°,.) = f(.) — (0,1)T is neither (ko, K)-lsc nor (kg, K )-Isca.

(¢) The assumption that W(zg, Sk,(xo)) is K-bounded is weaker than the K-
boundedness of ¥(zg, X) as shown by the following example (we write f(.) instead

of W(xg,.) and take f(xg) = 0 for the sake of simplicity).

Example 3.4 Let f: R? — R?>U {+oc} be defined by

if < —g?
f(m,m):{(xh@) b=

400 otherwise,
K = {(z1,79) : 23 > 0,21 > w2}, ko = (1,1)T and 2° = (0,0)”. Then f(Sy,(z°))
is K-bounded from below, since f(Sk,(z%)) C {f(z) : f(z) <k f(z°)} and the
set {f(x) : f(z) <k f(2°)} is K-bounded from below. However f(R?) is not

K-bounded from below.

4 Particular cases

Corollary 4.1 (Lin and Du 2006, Theorem 2.1) Let X be a complete quasimetric
space and p be a T-function. Let f: X — RU{+oo} be proper, Ry-lsca and
bounded from below. Let ¢: R — (0,00) be nondecreasing. Then there exists

v € X such that, for all x # v,

p(v,x) > o(f(0))(f(v) = f(2)).
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Proof Setting V(z,y) = o(f(x))(f(y) — f(z)) we see that, Vo € X, U(x,.) is
proper, R -Isca, bounded from below. To prove that W satisfies condition (H) we

see that if U(x,z) <0 and ¥(z,y) <0 then

fly) < f(2) < f(a).

Hence
U(z,2) + U(z,y) = o(f(2))(f(2) = [(@) + o(f(2)(f(y) — f(2))

= V(z,y).

Now applying Lemma 2.5(iii) and Theorem 3.1 with ky = 1 one obtains v € X
such that, for x # v,

U(v,z) + p(v,x) > 0.
Therefore

p(v,x) > o(f(v))(f(v) = (), U

Remark 4.1 As Theorem 3.1 is more general than Theorem 2.1 of Lin and Du
(2006), Theorems 2.2-2.3 and Corollary 2.1 of Lin and Du (2006) are special cases

of Theorem 3.3(iii ), (iv), (vi).

Corollary 4.2 Assume that X is a complete quasimetric space, p is a T-function,
f: X — RU{+o0} is a proper, Ry-lsca and bounded from below function, p:
R — (0,00) is a nondecreasing function, € > 0 and zo € X satisfies f(xg) <

inf,ex f(z) +¢e. Then v € X exists such that, for each x # v,

(i) 0< f(l’()) - f(U) <€, pr(l'o,l‘o) = O;

(i) ep(v, ) > (f(v))(f(v) = f(2)).

19



Proof Setting V(z,y) = o(f(x))(f(y) — f(x)) and ky = 1. By Corollary 4.1 we
have (ii) (taking ep for p in Corollary 4.1). Looking at the proof of Theorem 3.1
we see that v € Sy, (z9), which implies W¥(zo,v) < 0. Hence, f(x¢) — f(v) > 0.

Since f(zo) < infyex f(z) +¢e < f(v) + €, we obtain (i). O
If X is a metric space and p is a w-distance, Corollary 4.2 coincides with

Theorem 2.4, a main result, of Lin and Du (2007).

Corollary 4.3 Let X, Y, K and ko be as in Theorem 3.1, with the additional
completeness of X and closedness of K, and let p be a T-function. Let xq € X,

e>0and V: X x X — Y satisfy condition (H’) and the following conditions

(1) U(xo,z0) =0 and z*(¥(xo,.)) is bounded from below, where z* € K+ with
Z*(k’o) = 1,’
(i) W(z,.) is (ko, K )-lsca for all x € X.

Then there exists v € X such that, for all x # v,

(a) W(xg,v) + ep(zo,v)ko € — K, if p(xg,x0) = 0;
(b) U (v,x)+ ep(v, x)ky & — K.

Proof 1f ¥(z,.) is (ko, K)-Isca for all x € X, then by Lemma 2.5(iii), the relation
<k, is lower closed. Examining the proof of Theorem 3.1 we see that we can
replace the assumed K-boundedness of W(xg,.) by the weaker assumption that

2*(W(xo,.)) is bounded from below. In view of Theorem 3.1, we are done. O

Remark 4.6 Corollary 4.3 contains properly Theorem 3.1 of Ansari (2007) since in
this theorem X is a complete metric space, p is a w-distance, and (i) is required

to be fulfilled for all € X; Theorem 1 of Bianchi et al. (2007) since in this
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theorem X is a complete metric space, p = d, (i) is required to be fulfilled for all
x € X and (ii) is replaced by the condition that W(z,.) is K-Isc for all z € X;
Theorem 2.1 of Bianchi et al. (2005), which is the special case with Y = R of the

preceding Theorem 1.

Corollary 4.4 Let X, Y, K, p and kg be as in Corollary 4.3. Let V: X x X — Y
satisfy conditions (H’) and (ii) of Corollary 4.3.

Define a binary relation <j_ on X by
Y< & y=z or Yy
Assume that there exists a nonempty subset M of X such that
(i) M is <}, complete;

(i) there exists xog € M such that V(zg,x¢) = 0 and z*(V(xo,.)) is bounded

from below, where z* € Kt with z*(ko) = 1.

Then <j, is a quasi-order and there exists v € X such that, for all x # v,
(1) {ye M :y <, v} ={v}
(2) \Il(x(]vv) + 5p(33’0,’l))k’0 € _K7 ifp(-??o,l‘o) - 07'

(3) ¥(v,z)+ep(v,x)ko & —K.

This corollary is derived directly from Corollary 4.3 and properly includes
Theorems 2.1-2.2 of Lin and Du (in press, 2007). Furthermore applying Theorem

3.3 we obtain also Theorem 3.1 of this paper.

The following corollary is a direct consequence of Theorem 3.1, by Lemma
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2.5(i) and by replacing ¥(z,y) = f(y) — f(z). Note that the relation <y, defined

by (2) now becomes

Yy Sko r < f<y> +p(x,y)k0 <k f<x>

Corollary 4.5 Let X, Y, p, K and ko be as in Corollary 4.3. Assume that f :
X — Y U{+oc} be proper and K-bounded from below. Let S(x):={x' € X :
f@)+p(x,2"ko <k f(x)} be closed for every x € X. Then for every xy € domf

there exists v € X such that, Vx # v,

() +p(xo, v)ko <k f(20), (9)

f(@)+p(v, 2)ko Lic [(0). (10)

This corollary properly includes Corollary 2 of Gdépfert et al. (2000).

Corollary 4.6 Let X, Y, p, K and ko be as in Corollary 4.3. Let f : X — Y U
{+o0} be proper and K-bounded from below. Assume that if x,, € domf,x, — x
and f(z,) is <g-decreasing, then f(x) <k f(x,),Vn € N. Assume that K is
closed in the direction kg, i.e. K N (y — Ryko) is closed for ally € Y. Assume
further that xo € domf with p(xg,z9) = 0. Then there exists v € X such that,

(9) and (10) hold for all x # v.

Proof Since V(z,z) = f(x) — f(z) = 0 and p(zg,20) = 0, Sk,(z9) # 0. To
apply Theorem 4.3 we show the <y -completeness of Sy, (zo). If {z,} C Sk, (z0)
is <g,-decreasing and Cauchy then x, — z, for some z € X, and f(z,) is clearly
<k-decreasing, and hence f(x) <y f(z,),¥n € N.

Now, fix n. For ¢ € N, by (72) there exists Q(i) € N such that, Vg > Q(7),

1

p(l‘n, xn-i—q) > p($n> $) - ; .
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Consequently,
f(@) + plan, 2)ko < f(2) + (P(Tn, Tarq) + §)ko
<k f(Tniq) + (P(Tn; Tnig) + %)ko
<k f(zn) + tko.
Passing ¢ — o0, by the closedness of K in the direction ky, we obtain that
f(z) + kop(xn,x) <k f(z,), ie. © <p, x,,Vn € N. Hence z <j, zo, i.e. = €
Sko (7o) and Sk, (z9) is <g,-complete. Finally, (9) and (10) follow directly from

the conclusion of Theorem 3.1. U

If f is not only K-bounded from below but also bounded from below and

p = d, this corollary coincides with Corollary 3 of Gdpfert et al. (2000).
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