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Abstract. We extend and sharpen the result in [1] on the Hélder continuity
of the solution sets of quasivariational inequalities in Hilbert spaces to the case
of quasiequilibrium problems in metric spaces. In particular, we show that under
the assumptions ensuring the local Holder continuity of the solution set, this set

is a singleton. Applications in some important problems are also provided.
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1. Introduction

In the theory of stability and sensitivity analysis for optimization - related prob-

lems Holder continuity of solutions plays an important role although there may be
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less works in the literature devoted to this property than to semicontinuity, con-
tinuity, Lipschitz continuity and (generalized) differentiability. Holder continuity
is in many aspects a high - level regularity, since it is stronger than semiconti-
nuity and continuity. The well-known Rademacher theorem says that a locally
Lipschitz function on finite dimensional space is Fréchet differentiable almost
everywhere. On the other hand, Lipschitz continuity is a special case of Holder
continuity, where the Holder degree is one. So Holder continuity is more general
than Lipschitz continuity and in a sense close to differentiability. For variational
inequalities, [33 - 35] establish sufficient conditions for the solution to be unique
and Holder continuous in Hilbert spaces. The subtle technique used there is with
a heavy recourse to properties of metric projections in Hilbert spaces and linearity
of the canonical pair (.,.) involved in the variational inequality setting. Subse-
quently, this result is successfully generalized to various extends for equilibrium
problems in metric spaces [2, 4, 5, 11]. These works constitute also a considerable
contribution to the stability study for equilibrium problems, since this research
field is rather new. Beside them we observe only [3, 6, 7, 8, 11] which are devoted
to various kinds of semicontinuity of solution sets. It is known that equilibrium
problems were proposed in [13] as a generalization of variational inequalities and
optimization problems and include also many optimization - related problems like
the fixed - point and coincidence - point problems, the complementarity problem,
the traffic equilibria, the Nash equilibrium. However, in variational inequalities
and equilibrium problems, the constraint sets are fixed and hence these mathe-
matical models cannot be employed for problem settings in a number of practical
situations. This was first observed in [10] where the authors considered random
impulse control problems and needed to use constraint sets depending on the

state variables. Formulating these problems similarly as variational inequalities



led to quasivariational inequalities. [1] is devoted to extend the Holder continuity
of solutions in [33] for variational inequalities to a corresponding result for qua-
sivariational inequalities in Hilbert spaces, raised from traffic network problems.
Since the constraint set here is moving, i.e. it depends on the state variable,
the authors have to avoid geometric properties of metric projections used in [33].
Nevertheless, the constraint set of the considered quasivariational inequality ex-
presses the fulfillment of the travel demands in the traffic network and hence bears
intrinsic linearity. Also, the quasivariational inequality possesses a linear nature
due to the canonical pair (.,.) involved in the problem setting. The sophisticated
reasoning in [1], based on these specific features of the quasivariational inequality
under consideration, cannot be adapted when dealing with the generalized prob-
lem which is the quasiequilibrium problem. This motivates our aim of this note:
to have recourse to other techniques in order to establish Holder continuity of the
solution sets of quasiequilibrium problems in metric spaces. To illustrate appli-
cations of our results we supply their consequences in many important problems
in Section 3. In particular, we explain advantages of our theorems, when applied

to traffic network problems, over that of [1].

Let, throughout the paper if not otherwise specified, X, A and M be met-
ric spaces. Let A C X be nonempty. The problem under our investigation is
as follows. Let K : A x A — 2% be a multifunction with nonempty values and
f: X xX x M — R be a function. For each parameter pair (A, u) € A x M
consider the following quasiequilibrium problem

(QEP) Find z € K(Z, \) such that, Vy € K(z, \),

f(@,y,p) > 0.



Since the solution existence of quasiequilibrium problems has been investigated
intensively and widely so far, see e.g. recent papers [20, 21, 22, 23, 26, 36] and
the bibliography therein, we focalize our attention only on stability properties

assuming always the solution existence in a neighborhood of the considered pair

()\07 Mo)-

The layout of the remainder of the paper is as follows. The rest of this
section is devoted to recalling notions needed in the sequel. The main results on
the Holder continuity of the solution sets are provided in Section 2. In the last

Section 3, applications of our results to various situations are discussed.

Our notations are almost standard. d(.,.) stands for the distance in any
metric space (the context makes it clear what space is encountered). d(z, A)
is the distance from = to subset A in X. R is the space of real numbers and
R, = {r € R|r > 0}. B(x,r) denotes the closed ball of radius » > 0 and
centered at x in a metric space X. intC' stands for the interior of a subset C'. For

a normed space X, X* is the topological dual and (., .) is the canonical pair.

The following Holder-related notions are employed in the sequel.

Definition 1.1 (Hélder continuity)

(i) (Classical) For h > 0 and v > 0, a function p : X — R is called h.y-Hélder

in AC X if, Voy, 29 € A,

Ip(z1) — p(a2)| < hd” (21, 22).

(ii) (Classical) For Iy, Iy, ay, ap > 0, a multifunction K : X x A — 2% is said



to be (l1.aq, ly.c0)-Hélder in B C X x A if, V(z1, A1), (22, X2) € B,

K(J?l,)\l) g {Jf S Xl dz € K(IQ,)\Q),CZ(.T,Z) S llda1<l’1,l’2>+l2da2()\1,)\2)}.

(iii) (Cf. [5]) Form, 8,0 >0and f: X x X x M — R, f is termed m.3-Holder
at g € M f-relative to A C X if there is a neighborhood V' of py such that

Vi, pe €V, Vo,y € Atz # vy,
|y, m) = fz,y, )| < md’(p, po)d (2, y).

Definition 1.2 (Hélder-related monotonicity). Let g : X x X — R be a function.

(i) (See [12]) g is called quasimonotone in A C X if, Vo,y € A:z # vy,
lg(z,y) > 0] = [g(y, ) < 0].

(ii) (See [4]) For n,a > 0, g is termed n.a—Holder strongly pseudomonotone in

ACX ifVe,ye A:x #y,

l9(z,y) > 0] = [g(y, x) + nd*(z,y) < 0].

(iii) (See [4]) For n, a > 0, ¢ is said to be n.a—Hdblder strongly monotone in

ACX if, Vo,ye A:x #y,
9(z,y) + g(y, z) + nd*(z,y) <O0.

Definition 1.3 (Hélder-related monotonicity). Let X be a normed space, A C X
be nonempty, b : A — X* is a mapping. The following terminology may be

considered a special case of Definition 1.2.

(a) b is said to be quasimonotone in A if, Vx,y € A,

[(b(x),y —x) > 0] = [(b(y),z —y) < 0.



(b) Forn,a > 0, bis called n.a-Holder strongly pseudomonotone in A if, Vz,y €
A,

[(b(z),y — z) = 0] = [(b(y), x — y) + nllz — y||* < 0O].
(c) For n,a > 0, bis termed n.a-Holder strongly monotone in A if, Vz,y € A,

(b(x) = b(y),y — x) + nllx —y||* <0.

In this paper we will establish a Holder continuity of solution sets using the

following largest distance notion. For A, B C X we define

p(A,B) = sup d(z,y).

z€A,yeB
If A or B is unbounded, then p(A, B) = +oo. It is known [29] that solution
sets of quasicomplementarity problems are in general unbounded. Hence so are
solution sets of quasiequilibrium problems, which are more general problems. To
compare with other kinds of distance, recall that the Hausdroff distance of A, B
is defined as

H(A, B) = max { supd(z, B);supd(y, 4)},

€A yeDB
and the r—Hausdroff distance (see [9]) of A, B is defined by
H,(A,B)=max{ sup d(z,B); sup d(y,A)},
€ ANB(0,r) yeBNB(0,r)

for fixed r > 0. It is clear that H,.(A, B) is increasing as r increases and, Vr > 0,
p(A,B) > H(A, B) > H,(A,B).
2. Holder continuity of the solution sets

In the sequel let, for A € A,

EN)={zeX|zeK(z,\}
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and, for (\,u) € A x M, S(\, u) be the solution set the corresponding problem
(QEP).

Theorem 2.1. For problem (QEP) assume that solutions exist in a neighborhood

of the considered point (Ao, o) € A x M. Assume further that

(i) there are neighborhoods U(Xg) of Ao and V(uo) of po such that f is nyd-
Hélder at po O-relative to E(U(Xy)) and, Yo € E(U(\)), Vu € V(wo),

f(x, ., 1) is ne.0o-Holder in E(U(X\o));
(ii) Y € V(uo), f(.,., 1) is h.B-Holder strongly monotone in E(U()\g));
(111) K(, ) 18 (llal,l2a2)—Holder m E(U()\())) X {)\0},

(iv) a0y = B> 0 and h > 2n,y1%.

Then, for each pair (A, ), in a neighborhood of (N, o), (QEP) has a unique

solution x(\, ) which satisfies the Holder condition
d(z(M, ), 2(Ney p2)) < kad22 PNy, Ag) + kad™/ 70 (g, o),
where k1 and ko are positive constants depending on h, 3,n1,n9,01, 09,0, etc.

Proof.  Let A1, Ay € U(Xo) and puq, o € V(o).

Step 1. We prove that, Vx(Ay, p1) € S(A1, 1), Ve (A, p2) € S(A1, p2),

1/(B-0)
n
v o= d(x(h, ), 2\, ) < (—5) PO (o). (21)

Let x(A1, pt1) # x(A1, p2) (if the equality holds then we are done). Since x(Aq, i11) €
K(x(A, 1), M), o(A,pe) € K(x(A1, p2), A1) and by the Holder continuity of

K(., A1) there are 27 € K(x(A1, 1), A1) and xo € K(x(A1, p2), A1) such that

d(l‘(/\l, ,Uq), .172) S lldOél (17(/\1, M1>, ZE()\l, ,LLQ)), (22)



d(l‘()\l, M2)7 l’l) S lldoé1 (I’()\l, M1)7 I(Ala ,UJ2)> . (23)
As x(Ay, 1) and x(Aq, u2) are solutions of (QEP), we have
f(@(A, ), @1, 1) 20, (2.4)
f(@(A1, pr2), 2, p12) > 0. (2.5)
On the other hand, assumption (ii) implies that
— (@A, ), 2(Ar, ), ) = f(@(Ars p2), 2(Aas ), pa) 2 hdf-

Hence, by (2.4) and (2.5),

| fle(A, ), w1, 1) — f@(Ag, ), 2(Ag, p2), )]

+ [ f(@(A1, po), @2, pi2) — f(2(Ars pa), (A, pa), o)
+ | fl@(A, p2), (A, ), p2) — fla(Ar, pe), #(Ar, ), )| = hdf-
Therefore, because of the assumption (i), one has
n2d62 (xlv x<>\17 :U’Q)) + n2d52 (x27 x()‘la :ul)) + n1d§d61 (/’Lla MQ) > hd/f
This, by (2.2) and (2.3), implies that
nalS2dS% 4+ nyl82dS%2 4 nydfd™ (py, pip) > hd.

Assumption (iv) now yields that

40 < <—”1 )d‘sl :
Vs e (k1, p2)

and hence (2.1).

Step 2. Now we show that, Vo (A, p2) € S(A1, pa), V(g u2) € S(Aa, p2),

2”2[62 s
dy 1= d(x(Al,Mz)#E()\%m)) < (—25) da262/6()‘17)\2>- (2.6)
h — 2712112
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Let x(A\1, o) # x(Ao, o). Thanks to (iii) we have x] € K(x(\g, u2), A1) and

xh € K(x(A1, p2), A2) such that
d(z(Ay, p2), 25) < 1Ld*2 (A, Ag), (2.7)

d(ﬂf()\g, ,ug), iL'll) S l2da2 ()\1, )\2) (28)

By the Hoélder continuity of K(.,.) there are x] € K(z(\,p2),\) and zf €

K (x(Ag, 12), A2), such that
d(xl, oY) < lid™ ($(/\1,M2),$()\2,M2))7 (2.9)
d($/27'r/2/> S lldal (513()\1,,&2),37<)\2,/J/2)). (210)
By the definition of (QEP), we have
f@; pa), 2, p2) > 0, (2.11)
f(@ (X2, pra), 75, p2) > 0. (2.12)
It follows from assumption (ii) that
— [ (@M, p2), 2 (Mo, i), 1) — F(@(Na, p2), (A, pi2), p2) > hds.

Due to (2.11) and (2.12), one has
| f($(>\1, M2)7 x/1,71u2) - f(x(Alnu2)>$,1wu2)|

+ | f(x(As p2), 24, ) — f(2(A1, p2), 2(A2, pi2), p1a)]
+ | f(@(A2, o), 2, p2) — f(2( A2, p12), 25, p12)]
+ | Fw(Na, ), @, pia) = f (N, 12), (A1, o), ia)| > hels.
Hence, the Holder continuity assumptions in (i) of f imply that
nad®™ (2, 7)) + nod™ (2, (s, p12)) + nad™ (2, 2y) + nod® (xh, (A1, p12)) > hds.

9



From (2.7), (2.8), (2.9) and (2.10) we have
nol2d3' % + nald2d* (Ap, A) + nal?d3*% + npl32d®* (Mg, \y) > hdy.

It follows from assumption (iv) that

2712[52 o
o= () )

and then also (2.6).

Step 3. Finally since, Va (A1, 1) € S(A1, 1), V(A pia) € S(Ag, pi2),

d(.fC()\l,qu),l'()\z,/lz)) S dl + d27

. 2n152 3 n 7
from (2.1) and (2.6) we get, with k; = < 252> and ko = ( L ) ,

h—2nl} h—2nyl2

p(SOs p11), S(Nas pi2)) < krd®=2/ P (g, No) ko d® P9 (o). (2.13)

Taking Ay = Ay and puy = py we see that the diameter of S(A;, 1) is 0, i.e. this
set is a singleton {z(A1, p1)}. S(A2, po) is similar. Thus (QEP) has a unique
solution in a neighborhood of (A, i) and the Hélder condition in the conclusion

of the theorem is satisfied. O

Remark 2.1. In [1], when considering a quasivariational inequality in Hilbert
spaces, a special case of our problem (QEP), the main result (Theorem 5.1) is
a Holder property similar to (2.13), but with a r-Hausdorff distance H,.(A, B)
replacing our p(A, B) (and so weaker than our result). Hence it cannot imply the

uniqueness and the Holder continuity like in our Theorem 2.1.

Now we use other kinds of monotonicity of f to derive the same conclusion
as in Theorem 2.1. This result is more suitable than Theorem 2.1 while applied

in some cases like quasioptimization problems (see Subsection 3.4).
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Theorem 2.2. Theorem 2.1 is still valid if assumption (ii) is replaced by

(i) Ve V(w), —f(.,., 1) is quasimonotone in E(U(Xg)) and f(.,., 1) is h.3-

Hélder strongly pseudomonotone in E(U()\)).
Proof.  Step 1. We can retain (2.2), (2.3), (2.4) and (2.5), which are not related
to (ii).

If f(z(Ar, 1), 2(A1, p2), p1) > 0 then (ii’) implies that

—f (@A, p2), 2(Ar, ), ) > hdy,

By (2.5), we have

| f(@(A1, p2), w2, p2) — f(@(A1, p2), 2(Ar, pa), pr2)]

+ | f(x()\l,MQ)7fE()\1a/L1)7M2) - f(x()‘hMZ);x()‘lyMl))/j’lﬂ > hd?
nad® (29, x(Ay, p1)) 4+ nadld® (s, po) > hd?.

Then (i) and (2.2) imply that
Pal A3 4 maddd (s, i) > hd?

and hence, by (iv),
nq gig 01
dy < [ — ) am (g, o). 2.14
1> (h—ngl‘f?) (h1, p2) (2.14)

If f(x(A, 1), z(A1, p2), 1) < 0 then the quasimonotonicity in (ii’) implies

that

f(x()\b :u2)7 m()‘la ,ul)a Ml) 2 07
—f(@(Ae, 1), (A1, pr2), pa) > hd?-
Then, similarly as above, (2.4), (i) and (2.3) together imply that
ngl2d%? > hd?.

11



By assumption (iv), one has ngl?df > hdf. So dy = 0, since h > n,1$?. Hence we

also have (2.14).

Step 2. We can repeat the first part of Step 2 in the proof of Theorem 2.1
to have (2.7) - (2.12).

If fx(A, p2), (A2, pi2), o) > 0, it follows from assumption (ii’) that
— (N2, p2), (A1, 12), ) > Dy,
Hence, (2.12), (i), (2.7) and (2.10) together yield
nal82d5%? + nyl32de22 (A, Ay) > hdy.
Now it follows from assumption (iv) that

1
12 \7 e
dy < (”—) 4 (A1, D). (2.15)

h — nyl%?

Similarly if f(z(A\1, p2), 2( A2, p2), 12) < 0, we also have (2.15).
Step 3 is the same as for Theorem 2.1. O

As mentioned in Section 1, the solution set of a quasiequilibrium problem is
in general unbounded. As opposed to the case of an equilibrium problem, see [4,
5], where monotonicity assumptions imply directly the uniqueness of the solution,

here this uniqueness is established due to all assumptions together.

The following two examples show that assumptions (ii) (or (ii’)) and (iii)

in Theorems 2.1 and 2.2 are essential.
Example 2.1. Let X = A=R A= M =[0,1], K(z,\) = [\, 1], \o = 0 and

12



Then, (i) is fulfilled with ny = §; = 6 = 1,ny = 2 and 6, = 1; (iii) is satisfied
with [y = 0,l; = as = 1 and «; is arbitrary. Since [; = 0 and « is arbitrary,
(iv) holds. But S(0) = {0;1} and S(\) = {1},¥A € (0,1]. So S(.) is even not
Isc at 0. The reason is that assumptions (ii) and (ii’) in Theorems 2.1 and 2.2
are violated. Indeed, taking z = 1,y = 0 we see that, VA € [0,1], f(1,0,)) =
A+1 > 0and f(0,1,\) = 0, and hence f is neither strongly monotone nor

strongly pseudomonotone.

Example 2.2. Let X, A, A, M and )¢ be as in Example 2.1, f(z,y,\) =y — =

and

Kz A) = {?1}1’, 0,1}, gtie?w?;e.
Then, (i) is fulfilled with n; = 6 = 0,6; = 1 and (ii’) holds with h = = 1. But
S(0) = {0} and S(\) = {—1},VA € (0,1]. Thus S(.) is neither usc nor lsc at
0. The reason is that (iii) is violated. (Although K is pseudoLipschitz. Indeed
picking P = U(0) = (—3,3) we have K(A\) N P C K(X\s) + B(0,| Ay — Xo]).)

Hence, assumption (iii) cannot be relaxed to the pseudoHélder property.

Remark 2.2. If E(U()\y)) is bounded we can take, in assumption (i), # = 0 since
d(xz,y) < M,Vx,y € E(U(\y)), for some M > 0. Hence the condition § > 6 in

(iv) can be omitted.

Remark 2.3. If K(z,\) := K()\), the quasiequilibrium problem (QEP) is re-
duced to the corresponding equilibrium problem. In this special case, assumption
(ii) derives the uniqueness of the solution in some neighborhood of the consid-
ered point. For this case, Theorems 2.1 and 2.2 improve Theorem 2.2.1 in [2] and

Theorem 4.2 in [11], since our assumptions (ii) and (ii’) are imposed locally (in

K(U(\y)), not globally.
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The following example gives a case where our Theorems 2.1 - 2.2 derive the

Holder continuity of the solution but the mentioned papers cannot be employed.

Example 2.3. Let X, A, A, M and )\ be as in Example 2.1, K(z,\) = [A+ 1, 2]
and f(z,y,\) = (A + 1)z(y?* — 2?).

Then, (i) holds with n; = 8,8 = 6 =1, no = 16 and d, = 1. (ii) and (ii’) are
fulfilled with h = 2,5 = 2. K is (0.aq,1.1)-Lipschitz. Since [y = 0 and «; is
arbitrary, we take ay = 2 to see that (iv) is satisfied. Hence Theorem 2.1 (or
Theorem 2.2) derives the Holder continuity of the solution around Ay (in fact,
S(A) = {\+1},VA € [0,1]). But f is neither global strongly monotone nor
global strongly pseudomonotone. Indeed, let x+ = 1,y = —1, then we see that,
VA e [0,1], f(1,—1,A) = f(—1,1,)\) = 0. Hence the results in [2] and [11] do not

work in this case.

3. Applications

Since quasiequilibrium problems contain as special cases many optimization -
related problems, including quasivariational inequalities, quasioptimization prob-
lems, fixed - point and coincidence - point problems, complementarity problems,
vector optimization, Nash equilibria, etc, we can derive from Theorems 2.1 and
2.2 direct consequences for such special cases. We discuss now only some appli-

cations of our results.
3.1.  Quasivariational inequallities

Let X be a normed space, A and M be metric spaces and A C X be nonempty.
Let K : A x A — 2% be a multifunction and 7' : X x M — X* be a mapping,

with K (z, \) being closed and convex, V(z,\) € X x A. For each (\,u) € Ax M

14



consider the quasivariational inequality problem

(QVI) Find 7 € K(z, \) such that, Yy € K(z, \),
Setting f(z,y,n) = (T'(x,u),y — x), (QVI) becomes a case of (QEP).

Corollary 3.1. For problem (QVI) assume that solutions exist in a neighborhood

of (N, o) and that

(a) there are meighborhoods U(X\g) of Ao and V(wo) of wo such that, VY €
E(U(Xo)), T(z,.) is n3.03-Holder at po and T'(.,.) is bounded in E(U(Xo)) x

V(po), and E(U(Xo)) is bounded,
(b) Yu € V(uo), T(., ) is h.B-Hélder strongly monotone in E(U(\y));
(¢) K is (li.on, lp.co)-Holder in E(U(X)) x {Ao};

(d) a; = and h > 2nsl;.

Then, in a neighborhood of (Ao, po), the solution x(\, ) of (QVI) is unique and

satisfies the following Holder condition
d(iUO\h M1)= 95(/\27,M2)) < /ﬁdmm(/\l, /\2) + k2d63/ﬁ(/11; MQ):
where k1 and ko are positive constants depending on h, 3,ns, 03, etc.

Proof. ~ We verify the assumptions of Theorem 2.1. (i) is fulfilled with n; =
Nns, 01 = 03,0 = 0,ny = M and 05 = 1, where N,M > 0 are such that

[T (z, )l < M,¥(z, 1) € E(U(Xo)) X V(po) and [lz — yl| < N, Va,y € E(U(X))-
For (ii) one have, by (b),

0> (T(x, 1) — T(y, 1),y — ) + hlly — x|

15



= f(z,y, 1) + f(y.z, ) + hlly — z|°.

(iii) is the same as (c). Finally, for (iv) from (d) one has 10 = > 0 and

h>2n2l1, as52:1and0:O. ]

The following example gives a case where all the assumptions and conclusion

of Corollary 3.1 hold with T" being not globally bounded.

Example 3.1. Let X, A, M, )y be as in Example 2.1, A = [-2,2], K(x,\) =

[\ 1] and T'(z, ) = L2,
Then, T is locally bounded in [0, 1] x [0,1]. (b) holds with h = } and § = 2.
(c) is fulfilled with l; = 0,1y = ay = 1 and «; is arbitrary and hence (d) is also

satisfied. So Corollary 3.1 implies the Holder continuity of the solution at 0 (in

fact x(A) = A). But T is not globally bounded.
The following result is derived from Theorem 2.2.

Corollary 3.2. Corollary 3.1 is still valid if assumption (b) is replaced by

(b)) VYu € V(w), =T(.,p) is quasimonotone in E(U(Ng)) and T(.,u) is h.(-

Hélder-strongly pseudomonotone in E(U()\)).

The following example yields a case where Corollary 3.2 can be applied but

Corollary 3.1 cannot.

Example 3.2. Let X, A, M, Ao be as Example 3.1, A = [0,1], K (z,\) = [5t2, 2282]

and T'(z,\) = %

Then all assumptions of Corollary 3.2 are fulfilled with ng = 1—14, 03 =1,0 =

0,ny =2,60=1h= %7 =1L =1 = %,al = ay = 1. Hence Corollary 3.2

implies the Lipschitz continuity of the unique solution (in fact z(\) = ). While

Corollary 3.1 cannot be employed since T is not strongly monotone.
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Remark 3.1. Let z = (), ji) be the solution of the variational inequality corre-
sponding to (QVI), i.e. when K does not depend on z. Using similar arguments,
Corollaries 3.1 and 3.2 can be proved when replacing assumption (c) by the fol-
lowing Aubin property (known also as pseudo-Lipschitz property) of K around

(z,\): there exist neighborhoods P of z, V(A) of A and k > 0 such that
K(M\)NPCK(\)+E|N — X B,

VA1, A2 € V() (see Corollary 3.2 of [5]).

3.2. Traffic network problems

A widely accepted notion of equilibrium flows for transportation network problem
was introduced in 1952 by Wardrop [31] together with a basic traffic network
principle. Since then, traffic network problems have raised a great interest and
much developed in both theory and methodology view points, see e.g. [14, 16,
18, 19, 24, 25, 28, 30, 32]. Several important turning points may be observed as
follows. The variational approach to such traffic problems begins with Smith [30],
who proved that the Wardrop equilibrium can be expressed in terms of variational
inequalities. In [15, 27], because of diverse practical situations, travel demands
of transportation networks are proposed to be elastic. Namely, these demands
may depend on the equilibrium vector flow. Then Wardrop equilibriums of the
network problem are expressed as solutions of the corresponding quasivariational
inequality. In [1], the Hélder continuity of the solution sets of such parametric
elastic traffic problems is established. However, by a mistake, some assumptions
of the main theorem contradict each other and hence they are satisfied in no
cases. In this subsection, using Corollaries 3.1 and 3.2 we establish even a stronger
Holder continuity and uniqueness of the solution of the considered elastic traffic

problem.
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We first describe the elastic traffic netword problem. Let N be the set
of nodes, L be that of links (or arcs), W = (Wi,...,W;) be the set of origin-
destination pairs (O/D pairs for short). Assume that the pair W;, j =1,...,1, is
connected by a set P; of paths and P; contains ; > 1 paths. Let F' = (£, ..., F},,)
be the path vector flow, where m = r; + ... + 1. Following Giannessi [17] the
capacity of these paths must be taken into account in practise. So we assume

that the capacity restriction is
FeA={FeR":0<y <F,<Tys=1,...,m}.

Assume further that the travel cost on the path flow F,,s = 1,...,m, depends
on the whole path vector flow F' and is T5(F') > 0. Then we have the path cost

vector T'(F) = (T1(F), ..., Tin(F)).

Following Wardrop [31] a path vector flow H is said to be an equilibrium

vector flow if VIW}, if p € P; and s € F; then
[1,(H) <T,(H)] = [Hy =75 or Hp,=T,]

Now assume that the perturbation on the traffic expresses by parameter A
of a metric space /A. Assume further that the travel demand g; of the O/D pair
W, depends on A € A and also on the equilibrium vector flow H as explained in
[15, 27]. Denote the travel vector demand by g = (g1, ..., ;) and set

5 _{1, if sep,
o100 if s¢ P,
p={ojs},j=1,....L;s=1,..m.
Then the path vector flows meeting the travel demands are called the feasible

path vector flows and form the constraint set

K(H)\) = {F e A|¢F = g(H,\)}.
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¢ is called the O/D pair - path incidence matrix.

Assume further that the path costs are also perturbed, i.e. depend on a

perturbation parameter p of a metric space M: Ty(F,u),s =1,...,m.

Remark 3.2. The above traffic model is formulated in terms of path flow vari-
ables. Another way to describe the traffic problem is using link flow variables.
But the latter model can be employed only if the travel cost is additive, i.e. any
path cost is the sum of the link costs for all the links involved in the path. So

the “path model” we use here does not need this additivity.

Our traffic network problem is equivalent to a quasivariational inequality

as follows.

Lemma 3.3 (See e.g. [14, 30]). A path vector flow H € K(H, \) is an equilibrium
flow if and only if it is a solution of the following quasivariational inequality of

the form (QVI) in Subsection 3.1:

Find H € K(H,\) such that, VF € K(H,\),

<T(H,M),F—H> > 07

where X = R™.

We need also the following simple assertion

Lemma 3.4 (See Proposition 5.1 of [1]). Assume that g is (Li.aq, Lo.aw) - Holder
continuous at (zg, No), i.e., AN (xo) (neighborhood of zy), 3U(Ng) (neighborhood

Of/\()), \V/.TI,IQ - N(mo), V)\l,)\z S U()\(]),

lg(z1, A1) — g(@2, Ma)|| < Laf|zy — 2| + Lal| A1 — Aaf|*2.
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Then there exist l1,lo > 0 such that K(.,.) is (l1.cq,lo.ci9) - Hélder at (xq, Ao).
The following results are implied from Corollaries 3.1 and 3.2.

Corollary 3.5. Assume that solutions of the parametric elastic traffic network
problem exist and that assumptions (a), (b) and (d) of Corollary 3.1 are fulfilled.
Replace (c) by

() gis (Li.aq, La.ag) - Hélder continuous in E(U()\O)) x { o}

Then, in a neighborhood of (Ao, o), the solution is unique and satisfies the same

Holder condition as in Corollary 3.1.

Corollary 3.6. Corollary 3.5 is still valid if assumption (b) is replaced by
(b)) Yu € V(u), =T(.,p) is quasimonotone in E(U(No)) and T(.,p) is h.[5-

Hblder-strongly pseudomonotone in E(U(\y)).

Remark 3.3. [1] considers the same elastic traffic network, where A is a com-
pact, convex subset containing 0 (this condition is essential in Lemma 5.2). The
authors impose assumptions similar to (a), (b) and (c’) of Corollary 3.5 (but glob-
ally in A, not only in E(U()g)) and hence the study there cannot be applied in
our Example 3.1). Instead of our assumption (d), another technical assumption
is imposed, using the lower bound fy > 0 of the norm || F'|| of all F € A\ {0} (see
Remark 3.1 in [1]). Then, the following local Hélder continuity of the solution

set S(.,.) is proved (see the main result, Theorem 5.1, in [1])
Hy (S, p1), S( g, p2)) < krd® (Mg, Ag) + kad® (pa, o),

where ky, ko, £ and ( are similar to the corresponding constants of Corollary 3.5.
(This continuity cannot imply the solution uniqueness.) However, we can see that

there does not exist a case where all the assumptions of this Theorem 5.1 are
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satisfied, since for the convex set A containing 0, we cannot have [|F| > fo > 0,

VF € A\ {0}.
3.83. A quasioptimization problem

Let X, A, M, A and K be as in for (QEP) in Section 1. and g: A x M — R be a

function. For each (A, u) € A x M, consider the problem of

(QOP) finding = € K(z, \) such that

9(z,pn) = nin 9(y, p).

Since the constraint set depends on the minimizer Z, this is a quasioptimization

problem.

Setting f(z,y, 1) = g(y, 1) — g(x, 1), (QOP) becomes a special case of
(QEP).

The following results are derived from Theorem 2.2 (Theorem 2.1 cannot

be applied since f(z,y,p) + f(y,z,u) =0,Va,y € Aand p € M).

Corollary 3.7. Assume for (QOP) that solutions exist in a neighborhood of the

considered point (Ao, po) € A x M. Assume further that

(ag) there are meighborhoods U(Xg) of Ao and V(uo) of po such that g(x,.) is
Ny.61- Holder at po in E(U(Xo)) and, Yu € V(uo), g(., i) is No.do-Holder

in E(U(N\o));

(be) Y € V(o), f(.,., 1) is h.B-Hélder strongly pseudomonotone in E(U(\y)),

i.e. Yo,y € E(U(No)), Vi € V(1o),
l9(y. 1) — gz, p) > 0] = [g(, 1) — gy, p) + hllz — y||” < 0];
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(co) K(.,.) is (ly.aq,ls.an)—Hblder in E(U (X)) X {Ao};

(dg) 06152 = ﬁ and h > 2N2l(1;2
Then, in a neighborhood of (X, to) (QOP) has a unique solution x(\, p) which

satisfies the Holder condition
d(x()\la Ml)? 'CE()‘Qa ,UQ)) < klda252/ﬁ<)\lv >‘2) + de(Sl/ﬁ(Mla :u2)7
where k1 and ko are positive constants depending on h, 3, N1, Na, 61,69, etc.

Proof. We verify assumptions of Theorem 2.2 with f(z,y, u) = g(y, 1) — g(z, ).

For assumption (i) one has
|f (g, 00) = (@, p2)| < 19y, 1) = gy, po)| + [9(@, i) — g(, o)
< Nilpn — po|™ + Nulpy — po|™ = 2Ny |pn — po]®.
|f (g, 1) = fla,yo, )l = gy, 1) — 9(, 1) — g(ya, 1) + g(, 1)

= |g(y1, 1) — g(y2, p)| < Nolyr — 2|

(So (i) is satisfied with ny = 2Ny, ng = Ny, d1,92,0 = 0.)
For assumption (ii) we have
[y, 1) = 9(y, 1) = g, p) <0 = [f(2,y, 1) = g2, ) = 9(y, ) > 0],
and hence — f is quasimonotone in E(U(\g)).
f (@, y, 1) = g(y. 1) — g, 1) > 0] = [g(w, 1) — g(y, ) + D}z — y[|” < 0]
or, the same, [f(y, x, i) + h|jz —y||’ <0].
So f is h.- Holder strongly pseudomonotone in E(U(\g)).

Assumptions (iii) and (iv) are the same as (cg) and (ds), respectively. [
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3.4. A fized - point problem

Let H, M be Hilbert spaces, A C H be nonempty convex subset of H and B :
A X M — A be a mapping. The fixed - point problem under our consideration

is, for p € M,
(FP) Find z € A such that, z = B(z, u).
This problem is equivalent to the following special case of (QEP)

(EP;) Find z € A such that, Yy € A,

Indeed, if 7 is a solution of (FP), i.e., z = B(Z, u) and hence (z—B(Z, 1), y—
z) = 0,Yy € A. Thus Z is a solution of (EP;). Conversely, if Z is a solution of
(EPy), taking y = B(Z, u), we see that (z — B(z,u), B(Z, ) — z) > 0 and then

|z — B(z,p)|| =0, i.e., T is a solution of (FP).
The following results are derived from Corollaries 2.1 and 2.2.
Corollary 3.8. Assume that (FP) has solutions in a neighborhood of 1o and that

(ag) B(z,.) is Ny.01- Holder at py in A, and (x,u) — x — B(x, u) is bounded in

Az — B(z,p)|| < No,Va € A and pn € V(o) (neighborhood of p);

(bg) Yu € V(ug), (z,p) — x— B(x, ) is h.5-Holder strongly monotone in A for

some h > 0,0 > 1.

Then, for each i, in a neighborhood of po, (FP) has a unique solution x(u) which

satisfies the Holder condition

(1) = ()| < Kllpa = poof/07Y

for some IC > 0.
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Proof.  Setting f(z,y,pn) = (v — B(z,pn),y — x), K(z,\) = A, we check the
assumptions of Theorem 2.1. For Assumption (i) we have

[f @,y m) = [y, m0)| = [(x = B, ),y — ) = (& = B(x, p2), y — )|

= [(B(z, p2) = B(x, ),y — )| < |B(x, p2) — Bz, )|y — x|
< Nillin = pol”ly — |-
(@, y1s 1) = (2,92, 1) = (2 = B2, ), y1 — ) = (= B(z, 1), y> — )|
= (x = Bla, 1), 51 — y2)| < l|lv = B, m)lllyr — w2l < Nallyr — v2|l-

(So (i) holds with 6 = 1,n; = Nj,ny = Ny, 41 and 69 = 1.)

Assumption (ii) is the same as (bz). Assumption (iii) holds with [; =1, =0

and oy, ay are arbitrary, and hence assumption (iv) is fulfilled, since > 1. O
Similarly, we have

Corollary 3.9. Corollary 3.8 is still valid if assumption (bs) is replaced by

(b’s) Yu € V(po), (x,p) — x — B(x,u) is quasimonotone in A and (x,p) —

x — B(x, p) is h.B-Holder-strongly pseudomonotone in A.
3.5. A coincidence - point problem

Let H, M be Hilbert space, A C H be nonempty convex subset of H and g,h :
A x M — 24, Consider the coincidence - point problem
(C) Find (Z1,73) € A x A such that, ) = ¢(Z2, p) and Ty = h(Z1, p).

To restate (C) as a particular case of (QEP) weset H = Hx H, A= AxA,

B:AxM — Aand f: Ax Ax M — R being defined as follows. For each

T = (Il,$2),y = (ylayQ) S A X A7

Bz, p) = g(xa, p) x h(z1, ),
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f(z,y, 1) = (v — B(x, ),y — x)
= (x1 — g(xo, 1), 11 — x1) + (x2 — h(x1, 1), Y2 — T2).

We see that (C) is equivalent to the problem

(EP2) Find 7 = (71, 72) € A x A such that, Vy = (y1,12) € A x A,
<:fl - g(j%u)?yl - j1> + <j2 - h(:flmu’)7y2 - 'f2> > 0. (31)

Indeed, if Z = (Z1,Z3) is a solution of (C), then 7y = ¢(Z2, 1) and Ty =

h(Z1, ) and hence for each y = (y1,y2) € A X A,
(T1 — g(ZTa, ), y1 — 1) + (T2 — W(T1, 1), yo — T2) = 0.

Thus, Z = (Z1, T2) is a solution of (EPy). Conversely, if z = (Z1, Z2) is a solution of
(EP), putting y1 = g(Z2, ) and y» = h(Zy, p) in (3.1) we obtain |21 —g(za, p)|| =

|Zo — h(Z1, p)|| = 0, ie., T = x(Z, T2) is a solution of (C).
The following results are directly derived from Corollaries 3.8 and 3.9.

Corollary 3.10. Assume for problem (C) that all assumption of Corollary 3.8
are fulfilled. Then, in a neighborhood of g, the coincidence point (x1(u), z2(p))

of g(., 1) and h(.,p) is unique and satisfies the Hélder condition

(1) = @ (p2)ll < Kllpn = o107V,

for some IC > 0.

Corollary 3.11. Corollary 3.10 is still valid if assumption (bs) is replaced by

(b’3) Y € V(ug), (x,pn) — x — Bz, p) is quasimonotone in A and (z,p) —

x — B(x, p) is h.p-Holder-strongly pseudomonotone in A.
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