VARIATIONAL SETS OF MULTIVALUED MAPPINGS
AND A UNIFIED STUDY OF OPTIMALITY CONDITIONS

PHAN QUOC KHANH' AND NGUYEN DINH TUAN¥

Abstract. We propose two kinds of variational sets of any order for multivalued
mappings and show that they are advantageous over many known generalized derivatives in
the use for establishing optimality conditions. Applying these sets we prove both necessary
and sufficient optimality conditions of any order for efficiency and weak efficiency in a
unified way. Many corollaries and examples are provided to show that our results include
many recent existing ones. The imposed assumptions are very relaxed and the proofs are
rather short in comparison with that of recent results in the literature.
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1. Introduction. First-order derivatives (of various types, classical or
generalized) of mappings are other mappings with linearity nature, used in
approximating the given mappings to simplify a problem for studying it.
To have better approximations higher-order derivatives are applied. For
optimization-related problems this technique is commonly and effectively em-
ployed. In particular, to establish optimality conditions we can see this ap-
proach used from the classical Fermat theorem to recent results in nonsmooth
optimization involving generalized derivatives of multivalued mappings. For
generalized derivatives and their applications in variational analysis see excel-
lent books [2, 15, 18] and long papers [8, 16]. Examining existing optimality
conditions we can observe that the key argument is included in a separation
of suitable sets. To explain the idea let us take the well-known scheme of
Dubovitskii-Milyutin [7] for first-order optimality conditions in single-valued
scalar optimization problems: the intersection of the cone of the decrease
directions of the multiobjective function and the cone of the feasible direc-
tions defined by the constraints must be empty at a local minimizer. Here
the cone of the decrease directions is defined by a kind of derivatives. For
other theories of optimality conditions, specially of higher-order conditions,
in more complicated problems we may have separations of sets, not cones.
An important point of a necessary optimality condition of this type is that
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the larger the sets are, the stronger the result and the smaller gap with the
corresponding sufficient condition are. This is a motivation for us to pro-
pose variational sets replacing derivatives so that they are bigger than the
sets defined by the known derivatives and can be used in the mentioned sep-
aration. The second point is that the proposed variational sets should be
not more difficult to be computed than most of the known derivatives. The
third point is that the assumptions imposed for optimality conditions to be
established should be as relaxed as possible. Computing our variational sets
consists of only limits of mutifunctions in the Painlevé-Kuratowski sense.
For our necessary optimality conditions no assumptions are imposed and for
the sufficient ones only relaxed convexity is needed. It appears that both
first-order and higher-order optimality conditions can be shortly proved in
a unified study. Due to these advantages our considerations include many
existing results as special cases and in many circumstances the proofs of our
main results together with the deriving consequences are still shorter than
the original proofs.

The layout of the paper is as follows. In the rest of this section we recall
some definitions. We propose two kinds of variational sets of any order in
Section 2. Both necessary and sufficient conditions for optimality of any
order are established in the next Section 3. The final Section 4 contains
many recent existing results as consequences of the theorems in Section 3
and also discussions about comparisons.

In the sequel, if not otherwise stated, let X, Y and Z be real normed spaces
and let C CY and D C Z be closed convex cones with nonempty interiors.
For H : X — 2Y, the domain, graph and epigraph of H are defined as

domH = {zx € X| H(x) # 0}, grH = {(x,y) € X x Y|y € H(z)},
epiH = {(z,y) e X xY|ye€ H(z)+ C}.

If domH = @, we also write H : Q — 2" instead of saying H : X — 2¥ with
domH = Q.

The only kind of limit of mutifunctions we use is the following Painlevé-
Kuratowski sequential upper limait

limsup H(z) = {y € Y| 3z, € domH : z,, — o, Iy, € H(xy) : Yo — Y},

miwo
where z 2 o means that x € domH and = — x.

The convexity assumptions for our sufficient optimality conditions will be
the following relaxed properties. A subset () C X is called star-shaped at xq
it Vz € Q,Va € [0,1], (1—a)zo+ax € Q. A set-valued mapping H : X — 2¥
is said to be C-convez-along-rays at (xo,yo) € grH on a star-shaped set @ if
Vo e Q,Va € 0,1],
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(1 —a)H(zo) + aH(z) C H((1 — a)zg + azx) + C.
H: X — 2" is called pseudoconvex at (zo,yo) € grH if
epiH C (2o,Yo) + Tepir (%o, Yo),
where, for a subset Q C X, the contingent cone of Q at T € X is
To(z) = {v e X| 3t, — 07, Ju,, — u,Vn, = + t,u, € Q}.

Our notations are almost standard. For ) C X, int @), cl @, bd ) denote
its interior, closure and boundary, respectively. Furthermore,

cone Q = {Aq| A >0,q € Q},
cone, @ = {A\g| A > 0,q € Q}.

By stands for the closed unit ball in X and Bx (u, d) for the ball centered at
u € X and of radius §. For H : X — 2Y, the so-called profile mapping of H
is H; defined by H,(z) = H(z) + C,Vx € X (then clearly grH. = epiH).
For a cone C C Y, C* is the (positive) polar cone:

C*={y* € Y*| (y*,¢) > 0,Yc e C}
and, for u € X,
C(u) = cone (C' + u).

A nonempty convex subset ) of a convex cone C'is called a base of C'if C' =

cone @ and 0 ¢ cl Q). U(xg) is used to denote the set of all neighborhoods of
Tg € X.

2. Variational sets. To approximate multivalued mapping F : X — 2V
at (zo,y0) € grl’ we define the following two types of higher-order variational
sets, where vy, ..., U1 € Y.

DEFINITION 2.1. The first, second and higher-order variational sets of
type 1 are the following:

. 1
Vl(Fa x07y0) = thU_p ;(F(JZ') - y0)7

F
z—rx0,t—01

i 1
V2(F, x9,90,v1) = limsup t—2(F(=’f) — Yo — tv1),

F
r—x0,t—01

1
V™ (F, 2o, Yo, V1 -y Um_1) = limsup t—m(F(m)—yO—tvl—...—tm_lvm_l).

F
r—rxz0,t—0T

DEFINITION 2.2. The first, second and higher-order variational sets of
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type 2 are the following:
W(F,20,y0) = limsup cone, (F(z) — yo),
F

r—>x0

1
W2(F, x,yo,v1) = limsup ;(ConeJr(F(f) — %) —v1),
gvimo,tﬂ(]‘F

Wm(F’ o, Yo, V1, .-+ Umfl)

= limsup pr— (coney (F(z) — yo) —v1 — .. — ™ 20p1).

F
r—>x0,t—0t

Remark 2.1. To see the nature of these definitions let us compare vari-
ational sets of first and second-orders with commonly used sets related to
well-known derivatives. Similar and general comparisons for higher-order
variational sets will be given in Proposition 4.6.

Recall that the (first-order) contingent derivative of F' : X — 2Y at
(o,Y0) € grF is a multivalued mapping D F(z,yo) defined by

. 1 )
DF(xo,y0)(u) = limsup —(F(zo+tu) — o).

o —u,t—0t

The second-order contingent derivative of F' at (xg, %) with respect to
(wrt) (ug,v1) € X X Y is a multivalued mapping D*F (g, yo, u1, vy) defined
by

, 1 ’
D?F (20, Yo, ur,v1)(u) = limsup t—Q(F(ﬁo +tur + Pu) — yo — tvr).

u —ut—0t
Then, clearly we have
DF(x9,y0)X € V(F, w0, ),
D*F (0,90, u1,v1)X C V2(F, g, Yo, v1)-
Moreover, it is obvious that
cone(F(z0) — yo) € W(F, 20, o),
cone(cone(F(xg) — yo) — v1) € W2(F, zo, Yo, v1).

Note that DF(zg,yo)X, D*F(zq, yo, u1,v1)X, cone(F(zg) — o) and
cone(cone(F(zg) —yo) — v1) are among the biggest sets related to derivatives
and to approximating cones for subsets. So the above comparisons (together

with Proposition 4.6 below) show that the variational sets in Definitions 2.1
and 2.2 are really very big as required and expected (see Section 1).
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Remark 2.2. For all m > 1 we have
(1) V™(F, 20, Yo, V15 oy V1) © W (F, 20, Yo, V1, - Um—1);
(i) V™(F, 2o, 0,0, ...,0) = VI(F, 29, y0),

W™(F, zo, 0,0, ...,0) = WY(F, xg, yo).

(iii) If vy € VI(F, mo, yo) then V2(F, zg, yo,v1) = 0. If one of the conditions
v € VHE, 20,%0); s V1 € V™ UE, 2o, 90, V1, ..., Um_2) is violated, then
V™(F, 2o, Yo, V1, -y Um_1) = 0. The variational sets of type 2 have the same
property.

The inclusion in Remark 2.2(i) may be both a strict inclusion and an
equality as shown by the following example.

EXAMPLE 2.1. (i) Let X =R, Y =R? and, forn=1,2,...,

({(0,0)}  ifz=0,

((nm) o=

(G0} v e-nlrd)
(0} vo=

otherwise.

Then, for (zo,v0) = (0,(0,0)) € grF and v; = (1,0) € Y one has
VH(F, zo,50) = {(y',0) € Y| y' > 0},
W (F,z0,90) = {(y",0) € Y] y' > 0} U{(~y",y") € Y] y" > 0},
V2(F, xo,y0,v1) = {(y',0) € Y| y' € R},
W?2(F, z0,y0,v1) = {(y", %) € Y| y* > 0}.
(ii) Let X =R, Y =R? and F is defined by
(0.0} =0,
{(=n,n)} if x= %,n =1,2,...,

é( )} iflen(1+%),n:1,2,...,

otherwise.

F(z) =

\

For (x0,30) = (0,(0,0)) € grF and vy = (1,0) € Y one has
Vl(Fa xOJyO) = {(y 70) S Y| yl 2 0},
WH(EF,zo,50) = {(y",0) € Y| y' > 0 U{(-y".y") € Y] y' >0},
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VQ(F; $0;3/07U1) = WQ(R xOuy(]aUl) = {(y170> S Y| ?Jl S R}~

PROPOSITION 2.3. Assume that o € S C X and yo € F(zg). Assume
further one of the following two conditions

(a) S is star-shaped at xo and F is C-convez-along-rays at (xo,yo) on S;

(b) F is pseudoconvex at (xo, o).

Then, Vx € S,

F(z) —yo C VYFy, o, y0).

Proof. Let (z,y) € grF is arbitrary and fixed.
(a) Choose t,, — 0% with t,, € (0,1),Vn. Then by the assumed generalized
convexity, one has for all n,

Ty = 2o + tp(r — 30) €5,
Yn = Yo + (Y — yo) € Fl(mo + tnlz — T0)).

Since & 2 and = (Yn — o) =y — yo one gets y — yo € V' (Fy, 20, %0)-
(b) Now assume that F' is pseudoconvex at (xg, o). Then
(@ = 0,y — Yo) € Tepir (2o, Yo)-

By definition of the contingent cone, there exist t,, — 0" and (x,,,y,) € epiF
such that
1
t_ <<xn7 yn) - (l’o, yO)>_> (.I' — To,Y — yO)
Consequently, =, — o and y,, € F, (z,) and
1
t_(yn — %) = Y — Yo

ThUS, Y—1Yo € vl(FJr?'ranO)' O

3. Main results. For F : S — 2¥ and G : S — 2% consider the
multivalued vector optimization

(P) min F(z), s.t. z € S, G(z) N —D # 0.
Let A:={z € S| G(x)N =D # 0} and F(A) := |J F(z). Recall that,
€A

for zq € A and yo € F(x0), (zo,%0) is said to be a local weakly efficient pair
(local efficient pair) of problem (P) if there exists U € U(xq) such that

(F(UNA) —yo)N—int C' =0
((F(UmA) )N —C C (=C) mc).

If U = X the word "local” is omitted from the terminology. Instead of



VARIATIONAL SETS AND OPTIMALITY CONDITIONS 7

mentioning problem (P) in the above definition we also say that yo is a
weakly efficient point (efficient point, respectively) of the set F(UNA) C Y.
In general, for a subset 7" C Y, by WMingT' (MingT', respectively) we denote
the set of all weakly efficient points (efficient points, respectively) of T

The interior tangent cone of S at xo defined in [7] as

IT(S, 7o) = {u € X| 30 > 0,Vt € (0,6),Yu' € Bx(u,d), 7o +tu € S}.

PROPOSITION 3.1 [12]. If S C X is convex, xo € clS and int S # 0, then
IT(int S, () = int cone (S — zp).

LEMMA 3.2. If K C X s a closed convex cone with nonempty interior,
20 € —K, z € —int cone (K + z) and i(zn — z9) — z as t, — 01 then
2, € —int K for large n.

Proof. Since —z € IT( int K, —z), by the definition of I7T( int K, —zp)
we have 30 > 0,V € (0,6),Vu' € Bx(—2,0), —2 +tu' € int K. Hence, for n
large enough,

1
—20 + tn<—t—(zn — zo)>€ int K,

n

ie. z, € —int K. O
THEOREM 3.3. Let (z9,Y0) be a local weakly efficient pair of (P) and
20 € G(xo) N —D. Then

(i) VH((F. G)+, 20, (40, 20)) N —int (C' x D(z0)) = 0
(i) if (ur,v1) € VH(F, G)1, o, (Yo, 20)) () —bd (C x D(z)) then
VA((F, G)+, %0, (Yo, 20); (w1, v1)) () —int (C(ur) x D(20)) = 0;

(ii) if (u1,01) € VH((F,G), 20, (0, 20)) (N =bd (C x D(2)), (uz,v2) €
VZ((F,G)+, 0, (Y0, 20), (ur,v1)) (1 =bd (C(u1) x D(20))-; (Um—1,Vm—1) €
Vm_l?g(F;LG)+;5U0; (0, 20), (u1,v1), ..., (Um—-2, Vm—2)) () —bd (C(u1) x D(2)),
m > 3, then

(3.1) VT ((F, G) s o, (Yo, 20)s (U1, 01), ooy (U1, V1))
) —int (C'(u1) x D(z)) = 0.

Proof. By Remark 2.2(ii), (ii) with (uy,v;) = (0,0) becomes (i) and (iii) with
(u2,v2) = ... = (Um—1,Vm-1) = (0,0) becomes (ii). Hence, it suffices to prove
(iii). Suppose to the contrary that (u;,v;),7 = 1,...,m — 1, are as in (iii)
but there is (y, z) in the intersection in (3.1). By Definition 2.1 there exist

sequences T, &9, xg, t, — 07 and (yn, z,,) € (F,G)(z,) + C x D such that
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1

t_ ((yTw ZTL) - (y07 ZO) - tn(u17 Ul) T el T tnm_l(um—h Um—1)>_> (y7 Z)?
where y € —int C'(u;) and z € —int D(zp). For i =2,...,m — 1, u; € —cone
(C' + up) and hence o; > 0 and ¢; € C exist such that u; = —ay(¢; + uq).
Therefore,

1 1 1
—(Yn—Yo—tntls — .~ Uy 1) = —(yn—yo—tnulJrZi:Ql ait;(cﬁrul))

tn t

Yn = Yo+ Dy qitici L -0, ity
B ( (1= 05 aaticl) U1> et
By Lemma 3.2, for sufficiently large n,
— Yo+ Dy ozztl ¢; € —int C,
and then
(3.2) Yn — Yo € —int C.

Similarly, for i = 1,...,m — 1, since v; € —cone (D + zj) there exist 3; > 0
and d; € D such that v; = —(;(d; + zp). Hence
1

~1
t_m(z" — 2z —tpvy — ... =t 1)
n

_ ZTL+211 it _ZO ]'_Zzl 1t2_>
]'_Zz 1 th t

Again Lemma 3.2 implies, for n large enough, that

(3.3) %, € —int D.

On the other hand, there are (¥,,2,) € (F,G)(z,) and (¢,,d,) € C x D such
that

(ym Zn) = (gn7 Zn) + (Ena dn)
Thus, by (3.2) and (3.3), for large n we have
Un — Yo € —int C, z, € —int D,

contradicting the weak efficiency of (z¢, yo). O

By a similar proof we obtain the following necessary condition using the
variational sets of type 2.

THEOREM 3.4. Let (z9,y0) be a local weakly efficient pair of (P) and
20 € G(xo) N —D. Then
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(i) WH(F, G), zo, (Y0, 20)) () —int (C' x D) = ;
(i) if (uy,v1) € WH(F, G)4, w0, (y0,20)) () —bd (C x D), then
W2((F,G)y, zo, (Yo, 20), (u1,v1)) () —int (C(uy) x D(vy)) = 0;

(

(iti) if (ur,v1) € WH(F, G)y, 0, (40, 20)) [ —=bd (C x D), (uz,vs) €
Wz((Fa G>+7:C07(y0720)7(ulavl))ﬂ_bd ( (U1> ( 1))7 9 (um 1, Um— 1) €
Wm_;((i7 G)—I—v Zo, <y07 ZO>7 (Ul, U1)7 [RED) (um—Qa Um—Q)) ﬂ —bd (C(ul) X D<U1))
m > 3, then

Wm((F> G)Jmﬂ?o, (yo, Zo), (Ul,vl)> ey (um—lavm—l))
() —int (C(u1) x D(vq)) = 0.

Remark 3.1. In the preceding theorems no assumptions are imposed. The
proof is simple and requires very few preliminaries. In spite of this the
conclusions are strong since the variational sets are rather big as we will see
in Proposition 4.6. This strength results in a small gap between the necessary
conditions and the sufficient ones as shown by the following two theorems.

THEOREM 3.5. For problem (P) assume that xo € A, yo € F(xg), 29 €
G(xo) N =D and S C domFNdomG. Assume that either S is star-shaped at
xo, F' is C-convezr-along-rays at (zo,yo), G is D-convezx-along-rays at (o, zo)
or (F,G) is pseudoconvex at (o, (Yo, 20)). Then (xo,yo) is a weakly efficient
pair if one of the following conditions holds

(1) VI(F, @)+, o, (o, 20)) N —(int € x D(z)) = 0;
(i) if (uy,v1) € VIH(F, Q)+, 20, (y0,20)) () —bd (C x D(z)), then
VE((F, G)+, o, (o, 20), (ur,v1)) (N —(int Cu1) x D(z)) = 0

(111) Zf (ul,vl) € Vl((F,G)+,$0,(y0,Zo>)ﬂ bd (C X D(Zo)), (UQ,UQ) €
v2<<F7G)+7x07(yOJZO)v(uhUl))m_bd (C(ul) ( ))7 ] (um*hvm*l) S
vm_l?S(F],lG>+,l’0, (y(),Zo)7 (Ul,Ul), ceey (Um_27’Um_2>)ﬂ —bd ( (Ul) X D(Zo)),
m > 3, then

V™ ((F,G)+, o, (Yo, 20), (U1, 01), vy (Um—1, Um—1))
) —(int C(uy) x D(z)) = 0.

Proof. Condition (ii) is required to be satisfied also for (u;,v;) = (0,0)
and hence (ii) implies (i). Similarly, (iii) also implies (i). So we have to
consider only condition (i). By Proposition 2.3, Vx € 5,

(F,G)(x) = (0, 20) € V'((F, G)+, o, (Yo, 20))-
Then
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(3.4) ((F, G)(x) = (%0, 20)) N —(int €' x D(z)) = 0.

Suppose the existence of z € A and y € F(z) such that y —yo € —int C. For
any z € G(z) N —D one has z — 2y € —D(zp) and hence (y, z) — (yo, 20) €
—(int C' x D(zp)), contradicting (3.4). O

By a similar proof we have also the following sufficient condition for effi-
ciency.

THEOREM 3.6. For problem (P) assume the assumptions as in Theorem
3.5. Assume further that C' is pointed. Then (xo,0) is an efficient pair if
one of the following conditions holds

(i) Vl((F’ G)-I—’IU? (%0, 20)) ﬂ —(C x D(20)) = {(070)}’
(i) if (ur,v1) € VI(F,G)1, o, (4o, 20)) () —bd (C x D(z)), then
VE((F, G)+: 0, (yo: 20), (w1, v1)) = (C(ur) x D(z0)) < {(0,0)};

(iti) if (u1,v1) € VH(F,G)+, 20, (Y0, 20)) (N —bd (C x D(2)), (ug,v2) €
V2<(F> G)+7$07(y0720)7(ubvl))m_bd (C(ul) X D<ZO) [ARRS] (umflavmfl) €
Vm_l?g(F;LG)+aSU0; (o, 20), (u1,v1), ..., (Um—2,Vm—2)) () —bd (C(u1) x D(2)),
m > 3, then

V((F, G) s o, (Yo, 20), (U1, 1), oy (U1, Um—1))
N —(C(u1) x D(20)) € {(0,0)}.

For the case where G(z) = {0}, i.e. problem (P) is without explicit con-
straint, we have the following sufficient condition for local efficiency without
any convexity assumption.

THEOREM 3.7. Assume that C' has a compact base Q, G(x) = {0} and
(xo,Y0) € grF. Then each of the following conditions is sufficient for (zo,yo)
to be a local efficient pair of (P).

(i) WI(F, o, Y0) (1 —C = {0};
(i) if uy € WH(F, zo,10) () —bd C, then
W2(F, 0, yo, ur) () —C(ur) € {0};

(Hl) Zf up € Wl(Fa x()?yO) m —bd Cv uz € WQ(Fv xOuy(]?ul) m —bd C(u1)7"'7
Um—1 € Wm—l(F7 Lo, Yo, U1, "'Jum—Q) m —bd C(U1)7m 2 37 then

Wm(F) Zo, Yo, U1, "'7um—1) m —C(Ul) g {O}

Proof. Similarly as for Theorem 3.5 we need to prove only (i). Suppose
ad absurdum that there are z,, LR zo and y, € F(x,) such that y, —yo €
—C'\ {0}. Since @ is a base, y, — yo = —r,b, for some r, > 0 and b, € Q.
By the compactness we can assume that b, — b for some b # 0 in (). Hence
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(g~ 0) = ~b — —b € ~C\ {0},
ie. —be WY F,zg,y0) N —C\ {0}, a contradiction. O

Observe that y ¢ — intC' is equivalent to the existence of ¢* € C* with
(c*,y) > 0 and that y ¢ —C means the existence of ¢* € C* with (¢*,y) > 0.
Hence we can formulate dual forms of the above theorems by using Lagrange
multipliers depending on the points of variational sets as follows. The proofs
are straightforward.

THEOREM 3.8. Assume that xo € A,yo € F(x0), (z0,y0) is a local weakly
efficient pair of (P) and zyp € G(x¢) N —D. Then

(i) V(y,2) € VH(F, Gy, 0, (Y0, 20)), 3(c*,d*) € C* x D*\ {(0,0)} such
that (d*, zp) = 0 and (c*,y) + (d*, z) > 0;

(i) if (u1,v1) € VH(F, Q) 4,0, (Y0, 20)) () —bd (C x D(zp)) thenV(y, z) €
V2((F,G)y, w0, (Yo, 20), (ug,v1)), Ic*,d*) € C* x D*\ {(0,0)} such that
(c¢* ur) = (d*, 20) = 0 and {(c*,y) + (d*,z) > 0;

(iii) if (u1,v1) € VH(F,G)y,z0, (Yo, 20)) () —bd (C x D(2p)), (ug,v2) €
V2((F,G) .+, o, (Yo, 20), (ur,v1)) () =bd (C(u1) X D(20))sey (Um—1,Vm_1) €
Vmil((F’ G)-H Lo, (y()a ZO): (ula Ul)’ A (um—% Um—Q)) ﬂ —bd (C(ul) X D(ZO))v
m > 3, then ¥(y,z) € V™((F,G)+, xo, (Yo, 20), (U1, 01), evy (Um—1, Vm—1)),
(e, d*) € C* x D*\ {(0,0)} such that {c*,u1) = (d*, z0) = 0 and {(c*,y) +
(d*,z) > 0.

4. Corollaries. To see the generality of the results in Section 3 we now
derive as consequences a number of recent existing optimality conditions
using various kinds of generalized derivatives. To this end we need to recall
additional notions.

Consider problem (P) without the explicit constraint, i.e. G(x) = {0}.
A direction u € X is called a feasible direction for S at xo € S if 36 > 0,
vt € (0,6), xo + tu € S. The upper Dini derivative of F : S — 2V at
(zo,Y0) € grF in the feasible direction u is

1
dF (xg,yo,u) = limsup ;(F(JJO + tu) — yo).

t—0t+

COROLLARY 4.1 [5]. Consider problem (P) with G(x) = {0}. If (xo,yo) is
a weakly efficient pair then, for each feasible direction u for S at x,

dF(xg,y0,u) N (—int C) = 0.
Proof. Since, for each feasible direction u for S,
dF(x(]?yO)u) g Vl(Fa manO) g Wl(Fa l’o,yo),

the conclusion follows directly from any of Theorem 3.3(i) and Theorem



12 PHAN QUOC KHANH AND NGUYEN DINH TUAN

34(1). O
DEFINITION 4.2 [1]. Let S C X and uy, ..., upm—1 € X,m > 1.
(i) The mth-order contingent set of S at (z,u1, ..., Up—1) S

1
T& (x, U1, .., Upp—1) = limsup — (S — 2 — tug — ... = " ety y).
t—0t

(i) The mth-order adjacent set of S at (z,uy, ..., Up—1) is

1
TE™ (2, U1y ey Up1) = litrnéJrrlf —(S—z—tu; — ... - "™ My, ).

(iii) The mth-order Clarke (or circatangent) set of S at (x,u1, ..., Up_1)
18
o 1 9
CF(x,un, oy Um) = liminf —(S — 2z —tug — ... =" 1),
t~>0+,zi>x

() [17] The asymptotic second-order tangent cone of S at (xg,v) is

/1 tn
T (S, z9,v) ={w € X : I(tn,rn) — (07,07) : — — 0, Jw, — w,
T'n

VneN,zy+t,v+ %tnrnwn € S}

DEFINITION 4.3 [1]. Let F': S — 2Y (z9,v0) € grF and (uy,v1), .y (Upm_1,
Um—1) € X X Y,m > 1.

(i) The mth-order contingent derivative of F at (xo,y0) wrt (uy,vy), ...,
(Umn—1,Vm—1) is the multivalued mapping D™F(xo, Yo, U1, V1, vy Um—1, Umn—1)
defined by the following graph

m __Tm
gI'D F(a’:anU?ul)Ulv"'7um—17vm—1) - Tng('IOagJOaul)Ul:"'aum—lavm—l)'

(i) The mth-order adjacent derivative of F at (xq, yo) wrt (w1, v1), ..., (Um_1,
Um-1) is the multivalued mapping D" F (zo, Yo, U1, V1, .oy U1, Um—1) Whose
graph s

b _ b
grD™ (20, Yo, U1, V1, oy U1, V1) = Tgﬁv(%,ym UL, V1, ooy U1 5 Urn—1).-

(#ii) The mth-order Clarke (or circatangent) derivative of F' at (xo,yo) wrt
(w1, 1)y ey (U1, Um—1) 18 the multivalued mapping C™F(xq, yo, 1, v1, .-
Um—1, Um—1) whose graph is

°)

ngmF(%a Yo, U1, U1y vy Um—1, Um—l) = C;ﬁp(ﬂfo, Yo, U1, V15 .oy Um—1, /Um—l)-
DEFINITION 4.4. Let F: S — 2Y, (x9,90) € grF and (uy,v1), ..., (Upm_1,
Um—l) € X x Y,m > 1.
(i) The mth-order contingent epiderivative of F at (xo,yo) wrt (uy,vy), ...,
(Upm—1, Um—1) 18 the single-valued mapping ED™F (xq, Yo, U1, V1, ey Um—1, Um—1)
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whose epigraph is

; m _7m
eplED F(x())yOaula V1, "'7um—1vvm—1) - T@piF(x())yOv U1, V1, "'7um—1vvm—1)-

(ii) The mth-order adjacent epiderivative ED"™F(xq, yo, U1, V1, -, Um_1,
Um—1) and mth-order Clarke epiderivative are defined similarly from the cor-
responding tangent sets.

The first-order contingent epiderivative was introduced in [11] and the
second-order one in [10]. We define the other and higher-order epiderivatives
in a natural way.

DEFINITION 4.5 [14]. Let F : S — 2Y (z9,v0) € grF and (u1,v1), .., (Upm_1,
Um—1) € X XY,m > 1.

(i) The mth-order generalized contingent epiderivative of F' at (xq,yo) wrt
(U1, 01); ooy (U1, V1) 18 the multivalued mapping ED'F(xo, Yo, u1, v1, .-,
Um—1, Um—1) defined by, for v € X,

ED;HF(xmyOaullea"'7umflavmfl)<x>
=Minc{y €Y :y € D™F (0, Yo, U1, V1, ey Un—1, V1) (2) }-

(i) The mth-order generalized adjacent epiderivative of F at (zo,vo) wrt
(u1,01), ey (Umn—1, Vm—1) s the multivalued mapping EDsz(xO, Yo, UL, U1y vers
Um—1, Um—1) defined by, for v € X,

EDZmF(*anyOaul?Ula"'7umflavmfl)(x>
= Ming{y €Y : y € D" F, (20, Yo, U1, V1, e Urn—1, Um—1)(7) }.

Of course we can define similarly the mth-order generalized Clarke epi-
derivative.

The following consequence of the encountered definitions is not hard to be
checked. It generalizes and extends Remark 2.1.

PROPOSITION 4.6. Let F : S — 2Y (xg,y0) € gt F, (uy,v1), ..., (Upn—1, Un_1)
ceXxYm>1, and v € X.

(Z) EDmF(.ﬁEO,yo, U1, V1y ooy Um—1, Umfl)(l')
C D™F (%0, Yo, U1, V1, s Um—1, Um—1)(2) C© V™(Fy, 2o, Yo, V1, -, Un—1)-
(1)) ED"™F (0, Yo, U1, V1, ..., Um—1, Upn—1) (2

C
)
C D" F (20, Y0, U1, V1, ooy U1, Um—1)(2) € V™(FL, 20, Yo, U1y ey Upn—1)-
(i41) EDJ F (20, Yo, U1, V1, o Um—1, Um—1) ()

-

- DmF—i—(an Yo, U1, U1y --ey Um—1, Um—l)(l‘) Vm(F+7 Zo, Yo, V1, -+, vm—l)-
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(iv) EDY™F (20, Yo, U1, V1, ..o, U1, Um—1) ()
- DbmF+<x07 Yo, U1, V1, "'7um717Um71)(l’) - Vm<F+7:C07 Yo, V1,5 -+, Umfl)-

The following two examples ensure us that the inclusions in Proposition
4.6 may be strict.

EXAMPLE 4.1. Let X =Y =R,S = X,C = Ry, (x,y0) = (0,0) and
(u,v) = (1,0). Let

{0} if z=0,
o 2] veed
0 otherwise.

Then T, ;p(x0,y0) = Ry x Ry and T2 p (w0, yo, u,v) = R x R,

Hence, dom D'F.(x0,y0) = dom ED'F(x0,y0) = dom ED,F(x0,10) =
R, and, Vx € R,

D'F (x0,y0)(z) = Ry,
ED'F(x0,90)(z) =0, ED;F<950’ Yo)(z) = {0},
and, Vr € R,
D*F (20, Y0, u,v)(x) = Ry,
ED*F(z0,y0,u,v)(x) = 0, ED?F(x0, yo,u,v)(x) = {0}.
On the other hand
V(Fy, zo,yo) = WHIFL, 20, 50) = Ry,
V(P w0, 90,v) = W (FL, 20, 90,v) = Ry

EXAMPLE 4.2. Let XY, S, C, (xo,y0) and (u,v) be as in Example 4.1. Let,
fora e (1,2), F(x) ={y € R| y > |z|*},Vz € R. Then

TgpiF<x07 Yo, U, U) = @

Therefore all D*F,(z, yo, u, v), EDgF(xO, Yo, u,v) and ED?*F (zg, yo, u,v) do
not exist. On the other hand

VQ(F+;I07?J07U) = WQ(F+;I07?J07U) = R+'

From the definitions and above examples we see that the calculation of the
upper limits to get our variational sets is not so difficult. The computation
of the generalized epiderivatives in Definition 4.5, for instance, is much more
complicated.
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COROLLARY 4.7 [10]. Consider problem (P) with G(x) = {0}. Let (o, yo)
be a weakly efficient pair, w € domDF (zo,yo),v € DFy(x¢,yo)(u) N —bd C
and x € domD?*F (x9,vo,u,v). Then

D*F(z0, yo,u,v)(x) N —int C(v) = 0.

Proof. The conclusion is followed directly Theorem 3.3(ii) and Proposition
4.6(i). It can be derived also from Theorem 3.4(ii) and Proposition 4.6(i).
UJ

As easily as for the preceding two corollaries we can obtain, as direct con-
sequences of any from Theorem 3.3(i) and 3.4(i), Theorem 7 of [11], Theorem
5 of [3], Theorem 4.1 of [4], Proposition 3.1 of [22], Theorem 2.7(a) of [9],
Theorem 2 of [5] and Theorem 4.1 of [6]; any from Theorems 3.3(ii) and
3.4(ii), Theorem 3.1 of [10].

The following example shows a case where Theorem 3.3 can be employed
but many of the encountered known results cannot.

EXAMPLE 4.3. Let X =Y =R, S = X,C = R", F(z) = {-2*} and
(wo,90) = (0,0). Then TL.(zo,y0) = R x R,. Hence, Vo € R,

D'F (xo,y0)(z) = Ry,
ED'F(x0,y0)(z) = 0, ED}F (20, y0)(z) = {0}.

Therefore, Theorem 7 of [11], Theorem 5 of [3], Theorem 4.1 of [4], Proposi-
tion 3.1 and Theorem 4.1 of [22] and Theorem 2.7(a) of [9] cannot be applied
to reject (xg,yo) as a candidate for a local weakly efficient pair of problem
(P) with G(x) = {0}.

Moreover, Yu € R, dF(xg,yo,u) = {0} and then Theorem 2 of [5] (i.e.
Corollary 4.1) and Theorem 4.1 of [6] cannot either.

Furthermore, Yu € R,
T2

epi F’

(51707907%0) =R x R-i-a

and hence D*F, (xg,y0,u,0)(z) = Ry, Vo € R, which rules out the use of
Theorem 3.1 of [10].

On the other hand, since VI(Fy,xo,y0) = R, Theorem 3.4 implies that
(xo,Y0) 1s not a local weakly efficient pair.

In the above corollary, we assume that domF = S and wu,z are in the
appropriate domains. To avoid this assumptions we make use of tangent sets
of S as follows. For the sake of comparison we consider the special case
studied in [13].

COROLLARY 4.8 [13]. Consider (P) with G(x) = {0} and F := f being
single-valued. Assume that f is twice Fréchet differentiable at the local weakly
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efficient point xo € S. Then
(i) f'(zo)v & —int C,Yv € T(S, x0);
(i3) Yv € T(S, z0) with f (z¢)v € —bd C one has
o f(zo)w+ £ (20)(v,v) & —int O(f (zo)v), Yw € T?(S, x0,v);
o f(zo)w & —int C(f (wo)v),Yw € T" (S, 20, v).
Proof. (i) By definition, v € T(S,zo) means that 3t, — 07, Jv, —
v,¥n, g + t,v, € S. Then, setting yo = f (o), one has

f(zo)v € VI f1, 20, y0) € W(f+, 2o, o),

because

i = (f o + tave) — fw)) = £ (oo

n—oo n

Theorem 3.4(i) then implies that f'(z¢)v € —int C.
(i) w € T*(S, xp,v) means that I, — 07, Jw,, — w,Yn, z, := xo + t,v +
%tiwn € S. Now that t%((xn —x9 —t,v) — w, by the Taylor formula one has

lim %(f(:tn) — f(2o) — tnf'(xo)v): f(xo)w + f (w0) (v,0).

By Definition 2.2, the right-hand side belongs to W2(fy, xo, yo, f (x0)v). So
the first assertion follows from Theorem 3.4(ii).

7" tTL
By definition, w € T (S, zo,v) means that 3(t,,r,) — (07,07) : — —
T

0, Jw, — w,Vn,x, := xo + t,v + %tnrnwn € S. The Taylor formula gives

2

tnrn

(£(@n) = Flao) = tuf (@o)v) = f (wo)uw.

By Definition 2.2, f'(x0)w € W2(fy, x0,%0, f (¥0)v) and the second assertion
follows from Theorem 3.4(ii). 0

To deduce more consequences let us recall the following.
DEFINITION 4.9 [19]. Let F : X — 2Y and (xo,y0) € gtF. The S-

derivative of F at (zo,yo) is the set-valued mapping SF(zo,yo) : X — 2Y
defined by

y € SF(z,0)(v)
< dt, > 0,3z, — x, Yy, — Y, thr, — 0 and yo + tawy, € F(xo + thx,),Vn
~ Elan > 07 EI('T’ruyn) € ng’ Tpn — Xo and an(xn — 20, Yn — yO) - ("L‘ay)

Notice that SF(zg,y0)X C W(F,zg,yo). The inclusion may be strict as
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shown by
EXAMPLE 4.4. Let X =Y =R, C =R, (zo,v0) = (0,1) and

{1+1} fretn=12 .
n n
Fl)=19 (1) if =0,

1) otherwise.
Then,
{z} if ©>0,
SF(xy, =
(7o yo)(x) { 0 if <0,

WI(F,$07y0) =R,.

PROPOSITION 4.10. Let F: X — 2Y, X be finite dimensional, (xq,yo) €
grF and

{0} if z=0,

SF(xo,y0)(x) N —C = { 0 if x #£0.

Then W(F, g, y0) N —C = {0}.
Proof. Suppose the existence of y € —C'\ {0}, =, LR zo, Yn € F(z,) and
a, > 0 such that

(41) an(yn - yO) — Y.

Without loss of generality it suffices to consider the following three cases.

(a) an(z, — xg) — 0. Then (4.1) yields y € SF(xo,0)(0), which is
impossible.

(b) an(xy — xg) — x # 0. Then (4.1) yields y € SF(xo,v0)(x), again a
contradiction.

(¢) {an(x, —20)} is unbounded and we can assume that ||, (z,, —xo)|| —
+00. So a,, — 400 and y, — yo. We can assume further that ||, (z, —
z0)|| "t (z, — o) — 11 # 0. Then, setting 3, = ||z, — x0]|~! we obtain

Tp — T n -
ﬁn(xn—xo,yn—yo)=< o y0>—>(x170)-

12 = ol lyn — oll

Thus 0 € SF(zo,yo)(x1), once more a contradiction. O

As a direct consequence of Theorem 3.4(i) we get

COROLLARY 4.11 [21]. Consider problem (P) with G(z) = {0}. If (xo, o)
18 a local weakly efficient pair then, Vo € X,

SF(z0,y0)(x) N —int C = 0.

In the following example, Theorem 3.4 rejects the suspected point but
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Corollary 4.11 (Theorem 3.1 of [21]) cannot do.
EXAMPLE 4.5. Let X =Y =R, C =R, (zo,v) = (0,1) and

1 _ 1
{1_ﬁ} zf:v—ﬁ,n—l,Q,...,
Fle) =19 {1} if £ =0,
0 otherwise.

Then SF(xo,y0)(x) = {0},Vz € R and Corollary 4.11 says nothing about

(0,90). However, WY(F,,zg,y0) = R and hence this pair is not a local
weakly efficient one by Theorem 3.4(i).

COROLLARY 4.12 [21]. Consider problem (P) with G(z) = {0}. Let X be
finite dimensional, C' have a compact base and (xo,y0) € grF. Assume that

(i) SF(z0,10)(0) N —=C = {0};
(i1) SF(xo,y0)(x) N —=C =0 for x € domSF(xo,0) \ {0}.

Then (xo,Y0) is a local efficient pair.

Proof. The conclusion follows directly from Theorem 3.7(i) and Proposi-
tion 4.10. UJ

The example below gives a case where Theorem 3.7(i) ensures us that
(20, yo) is a local efficient pair but Corollary 4.12 (Theorem 4.1 of [21]) cannot
be applied.

EXAMPLE 4.6. Let X =Y =R, C =R, (z9,y0) = (0,1) and

{1+%} fre=tn=12 .
n n
Fz) =1 (1} if 2 =0,

1] otherwise.

Then SF(0,1)(z) = {0},Vx € R and so Corollary 4.12 says nothing about
(wo,y0). However, WY(F,xo,vy0) = Ry and (xo,y0) is a local efficient pair
following Theorem 3.7(1).

Remark 4.1. Our results do not imply that of [20] since our problem (P)
does not involve equality constraints. However, the following example sup-
plies a case where Theorem 3.3 can be used but the corresponding Theorem
11 of [20] cannot.

EXAMPLE 4.7. Let S =X =Y =Z =R,C =R,,,D = R, (z9,y0) =
(0,0), F(x) = {—/|z]} and G(z) = {0},Yz € R. For zy = 0 we have

VI((F,G)+, xo, (Yo, 20) = R?

and R?N—int (C'x D(2g)) # 0. By Theorem 8.3, (g, yo) is not a local weakly
efficient pair of (P). However, the fact that f is not mth-order Neustadt
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differentiable at zo (for any m and x1,...,x,_1 € R) rules out the use of

Theorem 11 of [20)].
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