WELL-BALANCED NUMERICAL APPROXIMATION
FOR BAER-NUNZIATO MODEL OF TWO-PHASE
FLOWS: ISENTROPIC CASE

DIETMAR KRONER AND MAI-DUC THANH

ABSTRACT. We aim at constructing a steady-state capturing scheme
for the Baer-Nunziato model of two-phase flows. First we trans-
form the system into a new one with only a single source term.
Second, we derive a formulation to compute steady states. This
enables us to define a procedure to construct a scheme which is
capable to maintain steady states. To complete the discretization,
we employ the technique of the Engquist-Osher scheme to the com-
paction dynamics equation.

1. INTRODUCTION

We consider in this paper the Baer-Nunziato (BN) model of isen-
tropic two-phase flows. This two-phase mixture model was developed
by Baer and Nunziato to study the deflagration-to-detonation transi-
tion (DDT) in granular explosives. Precisely, the model is described
by a system of four equations characterizing the conservation of mass
in each phase and conservation of momentum when there is exchange
of momentum between the two phases, see ([3, 10, 7]):

(agpy) + Ou(agpguy) =0,

I (agpgug) + Ox(ay (pguf] +Dg)) = PgOryy,

Oi(vsps) + Or(aspsus) = 0,

Oh(aspsus) + Oe(as(psu? + ps)) = —pyOucry,
together with the compaction dynamics equation

Oy + us0yay = 0. (1.2)

where pg, uk, pr, o denote the density, the velocity, the pressure, and
the volume fraction in the k-phase, k = s,¢g. Obviously, the volume
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fractions satisfy
as+ o, =1. (1.3)
In the following the g-phase is called the gas phase, the s-phase is
called the solid phase. Each phase has an equation of state of the form

pe = krprt, ke > 0,1 <9 <5/3, k=s,g. (1.4)

The system (1.1) is a system of balanced laws with source terms,
where sources appear on the right-hand side of the equations of con-
servation of momentum, i.e., the second and the fourth equations of
(1.1). By supplementing the system (1.1) by the compaction dynamics
equation (1.2), we can rewrite the full system under the nonconservative
form of system of conservation laws. Therefore, formulation of weak so-
lutions, theoretically, can be understood in the sense of nonconservative
product, see Dal Maso, LeFloch and Murat [8]. Construction of weak
solutions of several simple systems of balanced laws with source terms
has been done, see for example [26, 22, 16, 24, 25, 11]. But this is not
always evident and construction of solutions remains open for a broad
class of systems of balanced laws with sources. Practically, source terms
cause lots of inconveniences in approximating physical solutions of the
system. This has been observed even in the case of a single conservation
law, shallow water equations, or in the model of fluid flows in a nozzle
with variable cross-section, see [13, 20, 19, 14, 6, 12, 4, 5, 2, 18, 17, 27,
etc. Thus, the discretization of source terms is important and it has
been addressed by many authors, see [3, 7, 1, 9, 21, 29, 28|, and the
references therein. Recently, a well-balanced scheme that can capture
steady states for a one-pressure model of two-phase flows was obtained
in [30].

In this paper we will construct a well-balanced numerical method
to the system (1.1)-(1.2) by considering individually (1.1) and (1.2).
A well-balanced scheme is aimed to be built up for the system (1.1)
so that it deals with the effect of the source terms. Then, a similar
technique to the Engquist-Osher scheme is employed to discretize the
compaction dynamics equation (1.2). Test cases show that our method
can capture steady states resulted by stationary waves, and that ap-
proximate solutions converge.

2. BACKGROUNDS

2.1. Non-strictly hyperbolic system. Let us investigate properties
of the full supplemented system (1.1)-(1.2). For smooth solutions, the
system (1.1)-(1.2) is equivalent to the following system
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Orpg + UgOypg + pgOzug = 0,
Oyug + Ny (pg)Opy + ugOpuiy = 0,
Oips + usOpps + psOptis = 0,

(2.1)
Pg — Ps
Opg + . (ps)0ups + usOptiy + ——-—0pary, = 0,
e () 1 agp.
Oy + us0yay = 0.
where /
=22 s 2.2
P

It is seen from (2.1) that if we choose the independent variable V =
(pg, g, Ps, Us, 0tg), We can re-write the system as a system of balanced
laws in nonconservative form as

Vi+ A(V)V, =0, (2.3)
where
Ug Py 0 0 0
hy(pg) ug O 0 0
avy=| 0 w0
0 0 h; Ps) U _9 s
o) T e,
0 0 0 0 Us
The characteristic equation of A(U) is given by
(s = M) ((ug = A)* = p) ((us = N)* =) =0, (2:4)

which admits five roots as

)\1:ug_ p;<>\2:ug+ plg7 (25)

A3 =Us — /D < A =us < A5 = us + /Dl

It is easy to see from (2.5) that the characteristic fields may coincide
and thus the system is not strictly hyperbolic.

2.2. System of a single source term. As observed earlier, source
terms often cause inconvenience for numerical approximations. To re-
duce the size of sources, we add up the two equations of balance of
momentum to get the conservation of momentum of the total in place
of the equation of balance of momentum for the liquid phase. So we
get three sets of equations:

- Governing equations in the gas phase
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O(agpg) + Ou(agpgug) =0,

01(gpyuy) + Del0y (012 + ,)) = pydiscty 20)
- "composite” conservation laws
di(asps) + Ou(aspsus) = 0,
O (aspsus + agpg“g) + 0 (Ozs(psug +ps) + O‘g(PgU?; + pg)) =0, 27)
- compaction dynamics equation
Orarg + us0yay = 0. (2.8)

Set the conservative variable

U = (Qgpg, QgPyliy, CsPs, Qgpglly + aspstis)’

the flux

f(U) = (agpyuy, O‘g(pgu?; +Dg), Qs Psths, Qs (st +ps) + O‘g(l)gu?; +pg))Ta
and the source

S(U) = (0, py0zcy,0,0)".
We can see that a unique source appears only in the second component.

Thus, we can rewrite the system (2.6)-(2.7) as a system of conservation
laws with a single source term

U (x,t) 4+ 0, f(U(x,t)) = S(U(x,t)), xR t>0. (2.9)

In the next section, we will see that the numerical approximation for
the full system (1.1)-(1.2) can be performed as follows: first, we study
and obtain the values of steady states of (2.6), then the values of steady
states of (2.7), second we discretize the system with source (2.9) and
finally we discretize the compaction dynamics equation (2.8).

3. STATIONARY WAVES

Let us now investigate the stationary contact waves of the system
(2.9). Motivated by our earlier works ([24, 20]), we look for stationary
waves resulted by source terms. Thus, they are concerned only on the
first two equations of the compressible phase. Stationary waves are just
the limit of stationary smooth solutions of (2.9). A stationary smooth
solution U of (2.9) is a time-independent smooth solution. Therefore,
stationary solutions of (2.9) satisfy the following ordinary differential
equations
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(agpgug)/ = 07
2
9 hY =
(5 +h) =0 (3.1)
(aspsus>, =0,

(O‘S(Ps“? +ps) + O‘y(ﬂguz + pg)), =0,
where (.)" = d/dz and hi(p) = pi(p)/p, i=s,g,0r

Ki%i —1
hi = ——pr,
(p) oY

We look for stationary jumps which are limit of smooth solutions of
(3.1). Then (3.1) yields the following result which gives us the way to
compute stationary waves.

Lemma 3.1. The left-hand and right-hand states of a stationary con-
tact satisfy

[O‘gpgug] =0,
2

(224 hy) =0
o "Ml =T (3.2)
[O‘SPSUS] =0,
[as(psui +ps) + O‘y(ﬂguz +Pg)} =0,
where [apu] == atptut —a " pu”, and so on, denotes the difference

of the corresponding value apu between the right-hand and left-hand
states of the stationary contact.

To simplify the expressions, we omit the subindex pg, ug, ... in the
gas phase. From Lemma 3.1, we deduce that a stationary wave from
a given state Uy = (o, po, Uo, Vo) to some state U = («, p, u,v) must
satisfy the relations on the gas phase

apu = QopPoUo,

u? u? (3.3)
o T h(p) = 5 T h(po)-

This leads us to finding roots of the equation

257 (gt — pg_l))mp _ 2otk _
v—1

F(Us, p,a) = sgn(uo) (uf
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To find zeros of the function F(Uy, p, ), we observe that it is well-
defined whenever

2Ky _
2 _ ’y?l Y 1 > 0
or
5 T=1 5 g\
pép@®==<2ﬁ1m+po>
We have
oF Uy, p;a) ug — i_i%(/ﬂ_l —p ) — rypt !
o o . 1\ 1/2
’ (w3 2201 =)
Assume, for definitiveness, that uy > 0. The last expression yields
OF (Uy, p;
M > 07 P < pmax(p0>u0)7
o (35)
8F(U07pa Oé) <0 > ( ) .
- a4 _ max 7u Y
where
-1 2 ’Y—1> T
max ,Ug) = Un + X
P (po 0) </f’}/(’}/+ 1) 0 N+ 1p0
Since .-
F(Up,p=0,a) = F(Uy, p = p,a) = — 2000

the function p — F(Uy, p; @) admits a root if and only if the maximum
value is non-negative:

F<U0>P = Pmax, Oé) >0,
or, equivalently,
« Z amin(UO) = aOﬁ‘”O' . (36)
NI

Similar argument can be made for uy < 0.

It will be convenient to set in the (p,u)-plan the following sets, re-
ferred to as the “lower region” G, the “middle region” G5, and the
“upper region” (i3, and the "boundary” C, as

Gri={(pu) 1 u<—vp(p)},
Gy == {(p,u) : |ul </P(p)}, (3.7)
Gz :={(p,u) : u>Vp(p)}
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The existence of the zeros are followed immediately from (3.5) and
(3.6). We are now at a position to say about the the existence as well
as properties of zeros of the function F'(Uy, p, ).

Lemma 3.2. Given Uy = (ag,po,up) and 0 < o < 1. The func-
tion F(Uy, p, ) in (8.5) admits a zero if if and only if a > amin(Up).
In this case, F(Uy,p,a) admits two distinct zeros, denoted by p =
01(Up, ), p = @2 (Uy, ) such that

901(U07 Oé) S ,Omax<U0> S 902(U07 CE) (38)
the equality in (3.8) holds only if & = amin(Up).

Lemma 3.3. (a) We have
Prmax(Po; uo) < po,  (po,uo) € Go,
Pmax(Po, o) > po,  (po,uo) € Gz UGY, (3.9)
Pmax(Po; to) = po,  (po, uo) € Cx.

(b) (p1(Uy, ), u) € Gy if ug < 0, and (p1(Up, ), u) € Gs if ug > 0;
(p2(Uy, ), u) € Go, where u is defined by (3.5). Moreover,

(Pmax(Up, ), u) € C. (3.10)
In addition, we have
(i) If « > ag, then
(,01(U0,CY) < po < QOQ(U(),CO. (311)

(i) If a < g, then

Po < gOl(U(),Oé) fO’I“ Upe G1U Gg,

3.12
Po > 902([]0705) fOT’ Uy € Gg. ( )

amin (U, @) <, (pyu) € Gy, 1 =1,2,3,
amin(U, ) =, (p,u) €C, (3.13)
amin(U,a) =0, p=0 or u=0.

Proof. Most of the proof was available in [30]. However, for com-
pleteness, we will show the steps. Assume for simplicity that ug > 0.
Define

2Ky

900, p) = uy = = (""" ~ po ) = myp (3.14)
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Then, a straightforward calculation gives

g(UOa pmax(UO)) =0,
which proves (3.10). On the other hand, since

dg(Uy, p)
dp

and that ¢1(Up, @) < pmax(Uo, @) < ¢2(Up, ) it holds that
9(Us, p1(Uo, @) > g(Up, pmax(Uo)) = 0 > g(Uy, 01 (Up, ).

The last two inequalities justify the statement in (b). Moreover,

= —(y+ Dryp’* <0,

F(Uy, po; ) = pouo(l — ap/a) >0 iff a > ayp,
which proves (3.11), and shows that py is located outside of the interval
[01(Up, @), p2(Up, )] in the opposite case. Since

F : il
0 (U07p07 Oé) — Uy R7Po <0 iff U(] S G27
op o

which, together with the earlier observation, implies (3.12).
We next check (3.13) for a = ap. It comes from the definition of
amin(UO) that O./min(Uo) < Oy if and only if
BEEs)
VEIPTT > polul,
that can be equivalently written as

2 1y 2 v—1
m) = ——m — (ky)*tmr+ + ——— > 0,
where m := pJ~' /u?. Then, we can see that
Q(1/ky) =0, (3.15)

which, in particular shows that the second equation in (3.13) holds,
since (pg,up) € C+ for m = 1/k7y. Moreover,

dQ(m 2 1—v
G~ 2= o))
which is positive for m > 1/kv and negative for m < k. This together
with (3.15) establish the first statement in (3.13). The third statement
in (3.13) is straightforward. This completes the proof of Lemma 3.3.

O

To select a unique stationary wave, we need the following so-called
Monotonicity criterion. The relationships (3.2) also defines a curve
p— a=a(U,p). So we require that
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MONOTONICITY CRITERION. The volume fraction a = a(Uy, p)
must vary monotonically between the two values py and py, where py is
the p-value of the corresponding state of a stationary wave having U
as one state.

A similar criterion was used by Kroner, LeLoch, and Thanh [23, 20,
19], Isaacson and Temple [15, 16].

Geometrically, we can choose either ¢; or ¢s in the domains Gy, G, G
using the following lemma.

Lemma 3.4. The Monotonicity Criterion is equivalent to saying that
any stationary shock does not cross the boundary C. In other words:
(i) If Uy € Gy U Gs, then only the zero (U, o) = ¢1(Up, @x) is
selected.
(ii) If Uy € Ga, then only the zeros p(Uy, o) = po(Up, @) is selected.

Proof. The second equation of (3.2) determines the u-value as u =
u(p). Taking the derivative with respect to p in the equation

a*(u(p)p)? = (awuopo)?,
we get
a(p)a (p)(up)? + 20° (up)(u(p)'p + u(p)) = 0. (3.16)
Thus, to prove the lemma, it is sufficient to show that the factor

(u(p)'p + u(p)) remains of a constant sign whenever (p,u) remains in
the same domain. Indeed, assume for simplicity that ug > 0, then

_K//yp’yfl

u(p)p+ulp) = ————+u
B u? — /ﬁv,o%l
= - ,
which remains of a constant sign as long as (p,u) remain in the same
domain. This completes the proof of Lemma ?77. O

For the solid phase, we set

G(p) = rs0p™™ = (a80<p80u§0+p50)_[ag(pgu§+pg)])&sp+ (as0psotisn)’-
(3.17)
The value py satisfies
G(ps) = 0. (3.18)
The ug value is then given by
s — O‘sopsouso. (319)

QsPs
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The function G is convex so finding the root p = ps 4+ from a given
value of the ps value in the other side p, + of stationary waves can be
done using Newton-Raphson method. Since

G(0) = (asopsotiso)® > 0, h? G(p) = +oo,
p—+00

the convexity implies that the functions G(p) when it has a zero it
will have two zeros. The Newton-Raphson method starting at ps +
will converge to the zero p, +, where G is monotone between these two
values. The fact that there are two zeros of G(p) means there would be
different choices for stationary waves and that would lead to multiple
approximating solutions. This coincides with what has been known in
systems of balanced laws with source terms when there are probably
multiple solutions, see [24, 25, 11]. We observe that the uniqueness
of solutions and/or criteria to select a unique solution of systems of
balanced laws with sources is still an open question.

4. CONSTRUCTION OF THE WELL-BALANCED SCHEME

Let us consider the system when sources are reduced to a single term

U (z,t) + 0, f(U(x,t)) = S(U(x,t)), zeR,t>0, (4.1)
where the independent variable is given by
U = (agpg, agpyliy, aisps, g pgtiy + asPSUS)Ta
the flux functions are given by
f(U) = (agpquy, O‘g(pguﬁ +Dy), Qspstls, Qs (pstil +ps) + ag(ﬂy”i +pg)",
and the source is given by
S(U) = (0,py0.04,0,0)T.

Given a uniform time step At, and a spacial mesh size Az, setting
r; = jAr,j € Z, and t, = nAt,n € N, we denote UJ' to be an
approximation of the exact value U(z;,t,).

A C.F.L condition is also required on the mesh sizes:

At
Amax{fug| + /Py (pg), [usl + VDLl <1, A== (42)

The well-balanced scheme is defined by
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U;LH =Uj' - Ag(U7, ]7'1+1,7) - g<anfl,+7 an)) (4.3)
for some numerical flux g. The states Ujy; ,U;", , are defined as
followed. Set

o n _ n n n n n n n
Uo = Uy =(0g j11Pg 415 O 1Py j41tly j41s Vs j41Pa s

g 1Py a1ty jp1 T e a1t pn)
Then, we take o = aj; and first compute the corresponding p =
Py jv1— = ¢(Up, ) as seen by Lemma 3.4. Second, the value u =
ugy ;q  is computed using (3.3). Third, observe that af; =1 — aj ;,

the value py;,, is computed using (3.18). Then uf}, , _ is given by
(3.19).

Similarly, set

Up = Ujy =(ag,j1Pg,j-1, Qg -1Pyj-1g,j-1, Vo j-1P5 15
T

g 1P j1Ug -1 T Qg 1Pl 1t 1)
Then, we take @ = af and first compute the corresponding p =
Pyi1r = (U, ) as seen by Lemma 3.4. Second, the value u =
ug ;4 is computed using (3.3). Third, p7; ,  is computed using
(3.18). Then uf; , | is given by (3.19).

To complete the discretization of the whole model, we employ the
technique in the Engquist-Osher scheme to discretize the compaction
dynamics equation (1.2). We first write

u = max{u,0} + min{u,0} = ut +u". (4.4)

and then we apply the backward difference scheme for «* and forward
difference scheme for ©~. This can be done as arrive at

oyt = ap = A(u "0 — )+ e — ) (@5)

Remark. Observe that we have for stationary solutions

n n n .. n n n
Qg j+1Pgj+1Ug 541 = Qg iPg g5

(u;‘,j+1)2 (UZ,j)2

9 + hg(PZ,jH) = 9 + hg(ﬂg,j)7
n n (4.6)

n n . n n
Qs j+1Ps,j+1Us,j+1 = X jPs,jUs 5>
n n n 2 n n n n 2 n
as,j+1<ps,j+1(us,j+1> + ps,jJrl) + ag,j+1(pg,j+1(ug,j+1> + Pg,j+1)
g an

s,j (p?,j(u?,j)2 + pg,j) + ag,j(ﬂg,j(ug,j)2 + pZ,,-),
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This implies that in the stationary case it holds that

T — T n — n
Pgj+1,— = Py UYgjt1,— = Ug>
T _ T n — n
Pgj—1.+ = Pgijr  UYgj-14 = Ugj> 47
Psjv1,— = Psjr Usjp1,— = Usj
T _ 7 n _ n
los,j—l,—i— - ps,j? us,j—1,+ - us,j?
so that
n _ n n _ n
Uin,-=Uj, Ui, =Uj.
This yields
n+1l __ n
Ut = U, (4.8)

The equation (4.8) means that our scheme captures exactly stationary
waves.

We will present several tests, using the first-order Lax-Friedrich scheme.
The n + 1th time step values of the first variable group U of five com-
ponents is calculated by the Lax-Friedrichs scheme:

A

Upt = S+ U ) = SU W ) = ST ) (49)

Test 1. Let us consider the Riemann problem for the system (1.1)
with the Riemann data

Ur, if <0
(Paao tgole).prav o) agole) = { (i TS0

where

U, = (0.5,0.3,1,0,0.7),

Ur =(0.514866336524944, 0.254920531192354, 1.246397691948884, 0, 0.8).
(4.10)

It is not difficult to check that the solution is a stationary wave of the

form

J Uy, if <0
Ula,t) = { Upo  if >0
The classical (modified) Lax-Friedrichs gives unsatisfactory result, see

Figure 1; our scheme captures exactly the stationary wave, see Figure
2.

Test 2. Let us consider the Riemann problem for the system (1.1)
with the Riemann data
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Gas Volume Fraction at timet=0.050117 Gas Density—Classical scheme
0.8 0.6
0.7 05—
0.4
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
Gas Velocity Solid density
0.35 15
0.3 1 VIV
0.25 : : : 0.5 : : :
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
Velocity of solid Phase
0.5
0
-0.5

FIGURE 1. Steady states (4.10) by classical scheme

U if =<0
(Pasotgolo).prav o) ool = { g 550 @

where
Up=1(0.2,0.8,1,0.5,0.5), Ugr=(0.5,0.9,1,1,0.8,0.6). (4.12)

Our results show a monotone sequence of solutions corresponding to
the discretization the interval [—1, 1] into 1000, 2000, 3000 and 4000
points, see Figures 3, 4, 5, 6, and 7.
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